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PREFACE 


The  purpose  of  this  volume  is  to  present  in  an  easily  assimilated 
form  the  results  of  research  on  dynamic  structural  response  which  has 
been  in  progress  at  Stanford  Research  Institute  since  about  1959.  Much 
of  this  information  is  available  in  published  papers  and  reports,  but 
some  of  these  are  not  generally  available  and  some  contain  a  good  deal 
of  overlap.  Also,  the  individual  papers  lack  the  overall  viewpoint  that 
can  be  developed  only  after  many  aspects  of  the  problem  have  been  ex¬ 
amined. 

Two  areas  of  response  are  treated,  dynamic  plastic  bending  and 
dynamic  pulse  buckling.  These  are  preceded  by  a  general  discussion  in 
Chapter  1  of  structural  response  from  pul3e  loads  and  identification  of 
peak  pressure  and  impulse  as  the  most  significant  load  parameters  affect¬ 
ing  structural  response.  In  Chapter  2  the  fundamental  theory  of  dynamic 
plastic  bending  is  developed,  using  simply  supported  and  clamped  beams 
as  examples.  Pulse  loads  treated  range  from  ideal  (zero  time)  impulses 
to  step  loads  with  exponential,  triangular,  and  rectangular  time  profiles. 
In  Chapter  3  this  theory  is  extended  to  circular  plates.  Since  many 
problems  are  treated  in  Chapters  2  and  3,  a  certain  amount  of  repetition 
has  been  allowed  to  enable  the  reader  to  start  anywhere  without  excessive 
foraging.  In  Chapter  4  a  development  of  the  basic  theory  of  dynamic 
elastic  and  plastic  pulse  buckling  is  given,  again  using  a  simple  bar  as 
an  example  to  give  the  concepts  in  their  simplest  form.  In  Chapter  5 
the  analytical  techniques  are  applied  to  cylindrical  chells  under  lateral 
pressure  pulses. 
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SUMMARY 


5. 1  Introduction 

In  this  summary  section  the  status  of  existing  analyses  is 
briefly  given  and  areas  for  most  fruitful  future  development  are 
suggested.  Buckling  theories  are  discussed  first  because  they  bear 
more  directly  on  the  design  of  the  external  shell  of  operational 
structures.  This  is  followed  by  a  summary  of  theories  for  dynamic 
plastic  bending  of  auxilliary  beam  and  plate  structures  which  are  used 
in  aft  covers,  stiffening,  and  in  internal  components.  In  the  main 
text  the  order  is  reversed  because  bending  theories  are  more  familiar. 

5 . 2  Pulse  Buckling 

5.2.1  Experimental  Evidence  of  Buckling  | 

i 

One  of  the  first  modes  of  structural  damage  repeatedly 
observed  to  occur  in  structures  under  explosively  induced  loadfe  is 
dynamic  buckling.  It  is  observed  in  simple  jnetal  shells  and  ih  the 
metal  subshells  of  composite  shells  with  a  brittle  outer  layer  (such  as 
Micarta).  Also,  when  the  total  thickness  of  the  composite  is  small, 
both  shells  buckle  as  a  unit  and  the  brittle  outer  shell  cracks  into 

i 

longitudinal  strips  of  widths  corresponding  to  the  half-wavelength  of 

the  buckle  pattern.  In  the  HARTS*  program,  it  was  found  that i  pulse 

buckling  is  a  significant  damage  mode  over  the  entire  range  ojf  external 

pressure  pulses  from  ideal  (zero  time)  impulses  to  long  duration  blast 

I 

loads.  ! 

i 

5 . 2 . 2  Scope  of  Buckling  Theories  ■ 

These  observations  led  to  a  basic  investigation  of 
pulse  buckling,  and  three  basic  types  of  buckling  have  been  identified: 
elastic,  plastic  flow,  and  visco-plastic.  Elastic  buckling  occurs  in 


^Hardening  Technology  Studies,  sponsored  by  the  Air  Force  Ballistic 
Systems  Division,  Ref.  9,  Ch.  5. 
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very  long  or  thin  structures  in  which  the  duration  oi  compressive  mem¬ 
brane  stresses  can  be  sufficiently  long  to  allow  significant  buckling 
during  elastic  motion.  In  thicker  structures  the  duration  ol  possible 
elastic  motion,  before  wave  reflections  or  membrane  stress  reversal 
occurs,  is  so  small  compared  to  the  buckling  time  that  significant  buck¬ 
ling  motion  occurs  only  if  the  stresses  are  large  enough  to  induce  mem¬ 
brane  plastic  flow.  This  is  called  plastic-flow  buckling  and  the 
flexural  stiffness  is  governed  by  the  strain  hardening  modulus.  In  many 
engineering  metals  this  modulus  is  about  1/100  the  elastic  modulus  so 
resistance  to  buckling  is  greatly  reduced.  In  some  materials  (e.g., 
mild  steel)  the  strain  hardening  modulus  is  so  small  that  the  resistance 
to  buckling  must  come  from  the  increase  in  stress  with  strain  rate.  This 
is  called  visco-plastic  buckling. 

Theories  of  elastic  and  plastic-flow  buckling  have  been 
worked  out  for  bars,  plates,  rings,  and  cylindrical  shells,  and  a  visco¬ 
plastic  theory  has  been  worked  out  for  rings  and  cylindrical  shells. 

The  scope  of  these  theories  and  supporting  experiments  is  summarized  in 
Table  S.l.  The  first  three  columns  give  the  structures  and  loading  con¬ 
ditions  investigated,  and  the  fourth  and  fifth  columns  indicate  the 
available  theoretical  and  experimental  results.  Equation  numbers  of 
buckling  formulas  derived  in  the  present  volume  are  given  in  the  next 
column;  if  no  number  is  given,  the  references,  in  the  last  column,  must 
be  consulted. 

S.2.3  Sensitivity  of  Solutions  to  Structural  Imperfections 

and  Material  Properties 

The  basic  observation  of  both  the  experiments  and  the 
theory  is  that  pulse  buckling  consists  of  rapid  exponential  growth  of 
imperfections  in  structural  shape,  leading  to  large  flexural  deformations, 
permanent  strains,  and  cracking.  A  convenient  and  useful  theoretical 
buckling  threshold  is  the  load  necessary  to  amplify  the  imperfections  by, 
say,  1000.  Where  comparisons  are  available,  this  value  gives  theoretical 
loads  which  are  within  30%  of  experimentally  determined  loads  to  produce 
first  measurable  permanent  buckling  deformation  in  aluminum  shells. 
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Visco-plaetic ;  plastic  strains,  flexure  resisted  Dy  strain-rate  modulus. 


Calculated  buckling  threshold  loads  are  '.-datively 
insensitive  to  changes  in  the  magnitude  of  this  amplification  criterion. 

For  example,  increasing  the  amplification  from  100  to  1000  for  a  cylindri¬ 
cal  shell  under  radial  impulse  requires  an  increase  in  impulse  of  only 
15%.  Errors  in  estimating  the  magnitude  of  imperfections  in  shell  shape 
are  reflected  in  changes  in  the  amplification  to  produce  observable 
threshold  buckling.  Thus,  in  the  above  example,  a  decrease  in  imperfection 
amplitude  by  a  factor  of  10  would  result  in  only  a  15%  increase  in  impulse. 
This  indicates  that,  although  little  is  known  about  the  magnitude  of  im¬ 
perfections,  better  specification  will  have  a  small  effect  on  theoretical 
buckling  loads. 

The  effect  of  material  properties  on  buckling  thresholds 
can  be  illustrated  by  the  same  example.  The  radial  impulse  I  to  pro¬ 
duce  threshold  buckling  in  a  simple  metal  shell  is  given  by 


where 

K  =  average  slope  beyond  yield  of  a/(da/de)  vs.  e 
0  =  compressive  hoop  stress,  e  =  strain 
p  =  density 
a  =  yield  stress 

y 

a  =  radius 
h  =  wall  thickness 

Since  impulse  increases  as  the  square  root  of  the  yield  stress,  a  20% 
error  in  this  material  property  gives  an  error  in  impulse  of  only  10%. 
Impulse  is  even  less  sensitive  to  changes  in  the  strain-hardening 
parameter  K.  An  increase  in  K  of  approximately  40%  is  required  to 
give  a  10%  increase  in  impulse. 
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S.  3 


Bending  of  Beams  and  Plates 


The  principal  beam  and  plate  problems  of  interest  that  are 
solvable  by  elementary  analytical  methods  are  presented  in  Table  S.2. 

The  first  four  columns  describe  the  problems  which  have  been  investi¬ 
gated.  Blast  loading  refers  to  pulses  having  an  instantaneous  rise  to 
a  peak  pressure  followed  by  a  decay  to  zero  pressure  in  a  rectangular, 
triangular,  or  exponential  shape;  pulse  durations  are  arbitrary.  In 
some  of  the  problems  the  available  solutions  are  limited  to  the  rectangu¬ 
lar  pulse,  and  others  are  limited  still  further  to  ideal  (zero  time) 
impulses.  These  are  so  noted. 

Column  five  (analyses)  refers  to  the  types  of  analyses  which 
have  either  provided  solutions  or  will  readily  lead  to  solutions.  These 
are  classified  according  to  the  idealized  material  properties  used: 
linear-elastic  (E),  rigid-plastic  (RP),  and  visco-plastic  (VP).  Linear- 
elastic  theory  is  suitable  for  obtaining  threshold  loads  to  reach  yield 
stresses  in  ductile  materials  or  to  reach  fracture  stresses  in  brittle 
materials.  Rigid-plastic  theory  is  suitable  where  the  plastic  work  done 
during  deformation  considerably  exceeds  the  elastic  strain  energy  caDa- 
city.  Yisco-plastic  theory  is  necessary  for  strain-rate  sensitive 
materials.  In  the  present  report  we  utilize  only  the  rigid-plastic 
theory,  in  its  simplest  form,  i.e.,  neglecting  elastic  strain  energy  and 
vibrations,  strait,  hardening,  strain-rate  sensitivity,  and  geometry 
changes.  For  impulsive  loading  these  assumptions  mean  that  the  kinetic 
energy  input  is  equal  to  the  plastic  work  done.  Comparable  problems 
solved  by  the  other  theories  are  given  in  the  references. 

For  impulsive  loading,  formulas  giving  the  permanent  central 

deflection  6  predicted  by  the  simple  rigid-plastic  theory  are  listed 
rp 

and  compared  with  corresponding  experimental  deflections  6gx  in  the 

column  labeled  fi  /6  .  A  similar  comparison  is  not  possible  for  blast 

ex  rp 

loads  because  of  the  lack  of  data. 

The  next  column  indicates  the  range  of  applicability  of  the  rigid- 
plastic  theory.  A  lower  limit  is  set  by  the  ratio  R  of  the  kinetic 
energy  input  to  strain  energy  capacity.  For  plates,  an  upper  limit  is 
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AVAILABLE  ANALYSIS  AND  EXPERIMENTAL  RESULTS  FOR  BEAMS  AND  PLATES 


given  by  the  de t' lect ion-to-i adiu s  ratio 
become  significant. 


at  which  membrane  forces 


rp 


Advantages  oi'  the  simple  rigid-plastic  tleory  are  that 

1.  Analyses  and  results  are  often  simple. 

2.  Agreement  with  experimental  results  are  adequate  lor 

many  engineering  applications  (see  6  /6  values  in 

Table  S.2).  ex  rp 

3.  Simple  approximate  extensions  to  include  properties 
such  as  strain  hardening  is  sometimes  possible. 

S . 4  Future  Work 


Future  development  of  the  analytical  approach  to  the  response 
of  reentry  vehicle-type  structures  should  consist  of  extending  and  im¬ 
proving  the  theories  for  damage  mechanisms  already  examined,  and  devising 
new  analytical  models  to  explain  other  observed  damage  mechanisms. 

Extension  and  improvement  of  existing  theories  should  include: 

1.  A  theory  for  laminar  buckling  of  a  metal  subshell  in 
the  presence  of  a  constraining  (but  not  buckling)  heat 
shield  ; 

2.  Buckling  theories  for  more  complex  structures,  for 
example  foam  and  honeycomb  sandwich  shells  and  rib- 
stiffened  shells; 

3.  More  extensive  experiments  to  compare  predicted  and 
observed  damage  thresholds; 

4.  Experiments  and  extended  theories  to  compare  response 
from  symmetric  (nose-on)  and  asymmetric  (side-cn)  loads; 
and 

5.  Comparison  of  elastic  bending  theories  to  experimentally 
observed  thresholds  of  permanent  deformation  and  cracking. 

New  damage  mechani sms  which  at  present  have  no  analytical  ex¬ 
planation  include; 

1.  Circumferential  delamination  of  tape-wound  heat  shields 
both  at  hard  points  and  throughout  the  span  between  end 
supports  ; 

2,  Longitudinal  heat  shield  cracking  under  the  peak  of  a 
side-on  impulsive  load; 

3.  Response  of  structures  to  thermal  loads;  and 

4,  Response  of  heated  structures  to  impulsive  loads. 
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VOL.  XIII  dynamic  response  of  beams,  plates,  and  shells  to  pulse  loads 


CHAPTER  1 

amplitude-impulse  character izati on  of  critical 
pulse  loads  in  structural  dynamics 

by 

G,  R.  Abrahamson  and  H.  E.  Lindberg 


1 . 1  Introduction 

The  determination  of  critical  loads  is  a  central  problem  in 
structural  dynamics.  The  method  of  characterizing  critical  loads  is 
important  because  it  can  simplify  or  complicate  analysis,  and  can 
facilitate  or  hinder  the  interpretation  of  theoretical  results  and  com¬ 
parison  with  experiments.  The  amplitude-impulse  characterization  of 
critical  pulse  loads  is  particularly  significant  because  it  is  simple 
and  useful  and  applies  to  all  structures,  including  complex  structures 
such  as  reentry  vehicles.  We  begin  with  a  discussion  of  critical  pulse 
loads  for  a  linear  oscillator  to  demonstrate  the  ideas  involved  and  then 
show  that  critical  pulse  loads  for  complex  structures  can  be  character¬ 
ized  in  the  same  way.  To  facilitate  the  discussion,  we  henceforth  refer 
to  the  amplitude-impulse  (P,I)  characterization  as  the  tt  characteriza¬ 
tion. 


1.2  tt  Characterization  for  a  Linear  Oscillator 


The  displacement  of  a  linear  oscillator  having  natural  frequency 

1* 

id  is  given  in  conventional  notation  by 


x 


(x.  +  A)  cos  i)t  + 
i 


sin  ut 


(1.1) 


References  are  given  at  the  end  of  each  chapter. 
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where  the  subscript  i  denotes  initial  values  and  A  and  13  are  the 
integrals 


A 


B 


p(t  ' )  sin  ait  ,dt 1 


p(t ')  cos  nit  7dt  ' 


(1.2) 


p(t/)  being  of  unit  amplitude,  P  the  force  amplitude  per  unit  mass, 
and  t  time.  To  simplify  the  equations,  we  rewrite  (1.1)  as 


where 


(1.3) 


2  r 


f  = 

p 


(x^  +  A)  cos  u/t  + 


(ji  .  >)«• 


out 


(1.4) 


For  a  static  load  the  displacement  is  given  by 


Po 

xo  2 

uu 


(1.5) 


where  Pq  is  the  static  load  (per  unit  mass).  Taking  the  maximum  of 
(1.3)  and  dividing  by  (1.5)  yields 


m  P  f 

x  P  max 

o  o 


(1.6) 


To  characterize  critical  loads  in  terms  of  amplitude  and  impulse 

we  put  x  /x  =1  in  (1.6)  and  obtain 
r  mo 


V'-1 


max 


(1.7) 


for  the  ratio  of  dynamic  and  static  loads  which  produce  the  same  maximum 
displacement.  Impulse  is  given  by  the  area  under  the  force-time  curve 


¥ 
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and  can  be  written 


# 


I  =  Pq 


(1.8) 


where 


q 


p(t)dt 


(1-9) 


T  being  the  load  duration.  For  an  ideal  impulse  (i.e.,  delivered  in 
zero  time),  the  maximum  displacement  is  given  by 


1  =  Ujx 

m 

Identifying  x  with  x  of  (1.5)  yields 


and  from  (1.11)  and  (1.8)  we  obtain 


(1.10) 


(1.11) 


o  o 


Equations  (1.7)  and  (1.12)  give  the  amplitude-impulse  combinations  which 
produce  the  same  nu.  .imura  displacement  of  a  linear  oscillator. 


A  plot  of  P/Pq  and  I/I  from  (1.7)  and  (1.12)  is  given  in 

Fig.  1.1  for  loads  with  a  step  rise  and  linear  decay.  Since  this  is  a 

log-log  plot,  along  lines  of  unit  slope  load  duration  is  constant,  and 

here  is  given  in  terms  of  the  period  t.  For  loads  of  short  duration 

( t  / t  <  2/3n  =  0.21),  the  curve  approaches  the  vertical  asymptote  I/I  =  1. 
z  ~  o 

In  this  region  the  response  is  insensitive  to  load  amplitude  and  depends 
mainly  on  impulse.  For  loads  of  long  duration  (t„/T  >  6/ct  =  1.9),  the 
curve  approaches  the  horizontal  asymptote  P/P^  =  0.5.  In  this  region 
the  response  is  insensitive  to  impulse  and  depends  mainly  on  amplitude. 

In  the  intermediate  region,  the  response  depends  on  both  amplitude  and 
impulse. 
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1 . 3  Comparison  oi  the  tt  Characterization  with  Response 
Spectrum* 

For  a  linear  oscillator,  the  tt  characterization  is  related  to 
the  response  spectrum.  The  latter  is  defined  as  the  maximum  response 
of  a  linear  oscillator  to  a  given  load,  stated  as  a  function  of  oscil¬ 
lator  frequency. 

To  obtain  the  response  spectrum  R, 
~ !  I  we  put  P/P^  =  1  in  d-6)  and  get 


R  =  —  =  f 

x  max 
o 


(1.13) 


po  y  Hence,  as  can  be  seen  from  (1.7),  R 

\  Id  z 

,  \  r  '  ir  _  and  P/PQ  are  reciprocals.  A  plot  of 

—  ~r'  —  R  from  (1.13)  is  given  in  Fig.  1.2  for 

— —r^V'^T  loads  with  a  step  rise  and  linear  decay. 

0  5  - 1 - 1/  l-^T  I  !  1  i  1 

i2  5  10  For  long  durations  or  high  frequencies, 

j“  R  approaches  2,  as  is  well  known.  For 

short  durations  or  low  frequencies,  R 

FIG.  1.1  n  DIAGRAM  FOR  A  LINEAR  approaches  zero;  hence,  direct  represen- 
0SCILLAT0R  FOR  LOADS  ’ 

WITH  A  STEP  RISE  AND  tation  of  impulsive  loads  is  lost  at  the 


WITH  A  STEP  RISE  AND 
LINEAR  DECAY 


origin.  In  contrast,  as  shown  in  Fig. 1.1, 
for  the  tt  characterization,  loads  of 


short  duration  correspond  to  I/I^  =  1>  which  is  useful  information. 

For  a  single  degree-of-freedom  system,  the  essential  difference 
between  the  tt  characterization  and  the  response  spectrum  is  that  the 
tt  characterization  prominently  displays  impulsive  response  while  the 
response  spectrum  does  not.  For  multi-degree-of-freedom  systems,  however, 
the  two  concepts  represent  basically  different  approaches  to  dynamic 
response.  The  response  spectrum  is  fundamentally  a  description  of  the 
pulse — nothing  need  be  said  of  the  structure  The  tt  characterization 


* 

Also  called  shock  spectrum,  amplification  spectrum,  dynamic  load 
factor,  etc. 
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is  :undament.al]y  a  description  ol 
the  strength  (or  susceptibility) 
of  a  given  structure  for  pulse 
loads. 

The  response  spectrum  is  used 
as  an  analytical  tool  to  build  up 
the  response  of  a  complex  (linear) 
structure  by  superposition  of  the 
response  of  its  normal  modes.  A 
key  in  this  process  is  the  super¬ 
position  scheme.  This  usually 
involves  some  subjective  decision 
on  which  inodes  to  add  algebraically  and  which  to  add  arithmetically. 

The  tj  diagram  is  used  as  a  systematic  means  for  gathering  and 
displaying  theoretical  and  experimental  response  information,  separating 
loads  that  cause  damage  from  loads  that  do  not.  Since  superposition  is 
not  required,  the  approach  is  valid  for  any  type  of  response,  including 
plastic  deformations  and  buckling.  Therein  lies  the  advantage  of  the 
tt  diagram ;  these  problems  are  beyond  the  scope  of  conventional  shock 
and  vibration  theories.  further  useful  features  of  the  n  diagram 
are  given  later,  after  consideration  of  the  effects  of  pulse  shape  and 
rise  time  for  single-degree-of-freedom  systems. 

1. 4  Effects  of  Pulse  Shape  and  P.ise  Time 

1.4.1  Effects  of  Pulse  Shape 

Figure  1.3  gives  the  tt  diagram  for  a  linear  oscil¬ 
lator  under  step-rise  pulse  loads  with  various  types  of  decay.  The 
ordinate  is  taken  as  half  that  of  Fig.  1.1  to  facilitate  comparison 
below  with  corresponding  curves  for  the  rigid-plastic  model.  Except  for 
the  scale  change,  the  curve  for  the  triangular  loads  is  the  same  as  that 
of  Fig.  1.1. 

The  curve  for  rectangular  loads  is  below  that  for 
triangular  loads  and  the  curve  for  exponential  loads  is  above  it.  The 
relative  positions  of  the  curves  are  related  to  the  duration  required 


Ia  -  ifls 


FIG.  1.2  RESPONSE  SPECTRUM  FOR  LOADS 
WITH  A  STEP  RISE  AND 
LINEAR  DECAY 
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to  impart  a  given  impulse  for  a  given 
amplitude.  This  is  the  least  for  rec¬ 
tangular  loads  and  the  greatest  for 
exponential  loads. 

The  curves  h^ve  the  same  asymptotes 

and  differ  most  in  the  knee  region. 

Along  the  line  of  unit  slope  in  Fig.  1.3 

the  values  of  P/P  and  I/I  for  the 
o  o 

rectangular  and  exponential  loads  differ 
by  about  40%,  and  for  the  triangular  and 
exponential  loads  they  differ  by  about 
20%. 

Figure  1.4  gives  the  n  diagram 
for  a  one-degree-of -freedom,  rigid- 
plastic  system.  The  curves  are  similar 
in  shape  to  those  of  Fig.  1.3,  but  are 
shifted  outward  from  the  origin.  The 
relative  positions  of  the  curves  for 
the  different  pulse  shapes  are  unchanged.  As  for  the  linear  oscillator, 
the  curves  have  the  same  asymptotes  and  differ  most  in  the  knee  region. 
Along  the  line  of  unit  slope  the  values  of  P/Pq  and  I/IQ  for  tbe 
rectangular  and  exponential  loads  differ  by  about  30%,  and  for  the 
triangular  and  exponential  loads  they  differ  by  about  20%. 

1.4.2  Effects  of  Rise  Time 

The  effects  of  rise  time  on  critical  .load  curves  for 

a  linear  oscillator  can  be  illustrated  using  a  load  with  a  linear  rise 

and  linear  decay.  The  critical  load  curves  for  such  loads  are  given 

in  Fig.  1.5.  The  heavy  curve  t  /t  =  0  Is  for  loads  with  a  step  rise 

r 

and  is  the  same  as  that  of  Fig.  1.1.  The  curve  t  ~  t ,  is  for  loads 

r  a 

with  a  linear  rise  and  step  decay.  Since  the  curves  for 

t  /t  =  constant  terminate  at  t  =  t_.  Curves  for  t  /t  =  0.1  to  0.5 
r  r  d  r 

extend  below  the  step-rise  curve,  indicating  a  resonance  effect.  Curves 

for  t  /t  z  0.6  lie  above  the  step-rise  curve.  For  t  /t  =  1,  2,  3,  etc 
r  r 

the  critical  load  curves  lie  on  the  horizontal  line  P/P  =  1. 


'  I  2  5  10 
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FIG.  1.3  COMPARISON  OF  LOADS 
REQUIRED  TO  PRODUCE 
THE  SAME  MAXIMUM 
DISPLACEMENT  OF  A 
LINEAR  OSCILLATOR. 

PQ  is  half  the  static  load 
required  to  produce  the  given 
displacement  and  Io  is  the 
ideal  impulse  required  to 
produce  the  given  displacement. 


I 


FIG.  1.4  COMPARISON  OF  LOADS 
REQUIRED  TO  PRODUCE 
THE  SAME  MAXIMUM 
DEFORMATION  OF  A 
ONE-DEGREE-OF-FREEDOM 
RIGID  PLASTIC  SYSTEM. 

is  the  static  yield  load  and 
l  is  the  ideal  impulse  required 
to  produce  the  given  displacement. 


Beyond  the  termination  point  of 

the  critical  load  curve  for  t  /t  =  1 

r 

(on  t  =  t^),  the  numbers  along  the 

curve  t  =  t  indicate  the  termina- 
r  d 

tion  points  of  the  corresponding 
critical  load  curves.  The-  correspond¬ 
ing  critical  load  curves  are  similar 
in  shape  to  those  shown  for  t  /t  = 

1.2  and  1.4. 

The  curves  of  Fig.  1.5  for  t  /t 
up  to  0.5  are  within  about  20%  of  the 
step-rise  curve  tw/T  =0.  If  such 
ar.  error  is  acceptable,  the  curves 
for  0  ■&  t^/T  ^0.5  can  be  represented 
by  the  step-rise  curve.  If  instead  a 
central  reference  curve  is  used,  the 
error  would  be  only  10%. 


1 . 5  Application  of  the  n  Characterization  to  Complex  Structures 

The  real  value  of  the  tt  characterization  of  critical  pulse 
loads  is  in  its  utility  for  complex  structures.  As  a  starting  point 
for  the  discussion,  we  consider  a  structure  with  a  load  of  a  given  space- 
time  variation,  for  example  a  reentry  vehicle  with  a  load  of  cosine 
distribution  on  one  side  having  a  sharp  rise  and  a  linear  decay. 


For  a  given  structure  and  type  of  load,  we  undertake  a  series 
of  imaginary  tests  to  determine  the  loads  at  which  the  structure  fails. 
We  first  do  a  series  of  tests  using  long  duration  loads  of  increasing 
amplitude  to  determine  the  critical  amplitude  Pq  at  which  failure 
occurs.  This  is  indicated  by  the  vertical  column  of  points  in  Fig.  1.6. 
Next  we  do  a  series  of  tests  using  short  duration  loads  of  increasing 
impulse  to  determine  the  critical  impulse  I  at  which  failure  occurs. 
This  is  indicated  by  the  horizontal  row  of  points.  For  the  given  load 
distribution,  Pq  and  1^  completely  specify  the  critical  loads  of  long 
and  short  duration. 
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FIG.  1.5  n  DIAGRAM  FOR  A  LINEAR  OSCILLATOR 
SHOWING  EFFECTS  OF  RISE  TIME 


For  loads  of  Intermediate  duration  we  consider  a  series  of  tests 
for  constant  load  duration,  corresponding,  for  example,  to  the  line  t^ 
in  Fig.  1.6.  Since  the  load  acts  for  a  shorter  time,  we  would  expect 
the  failure  amplitude  to  be  greater  than  Pq,  as  indicated.  If  the  load 
duration  is  further  reduced,  say  corresponding  to  the  line  t^,  we  would 
expect  that  a  further  increase  in  amplitude  would  be  required  to  produce 
failure.  If  the  process  of  decreasing  load  duration  were  continued  until 
the  duration  became  short  compared  to  response  time,  all  combinations  of 
amplitude  and  impulse  which  just  produce  failure  would  be  established. 

For  the  particular  structure  and  load  space-time  variation,  the  locus  of 
such  points  completely  describes  the  critical  loads. 
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It  is  not  necessary  that  the 
failure  mode  remain  the  same 
throughout  the  critical  curve.  In 
general,  the  failure  mode  will  be 
different  for  different  load  dura¬ 
tions.  Thus,  as  shown  in  Fig.  J.7, 
the  critical  load  curve  obtained 
from  the  series  of  tests  envisaged 
above  would  really  be  the  envelope 
of  the  critical  load  curves  for  all 
the  significant  modes. 

In  principle,  a  different 

critical  load  curve  is  required 

for  each  space-time  load  variation. 
♦ 

However,  experience  shows  that  for 


FIG.  1.6  EXPERIMENTAL  DETERMINATION 
OF  CRITICAL  LOAD  CURVE 
FOR  A  COMPLEX  STRUCTURE 


a  wide  range  of  loads  of  smooth 
distribution  (such  as  a  cosine  load 
over  one  side  of  a  cylindrical  shell) 

and  with  a  decay  similar  to  a  linear  or  exponential  decay,  a  single  criti¬ 
cal  load  curve  is  adequate  for  many  applications. 

A  significant  feature  of  the  rr  characterization  is  that  the 
damage  gradient  across  the  critical  load  curves  is  steep.  For  example, 
for  cylindrical  shells  the  maximum  no-damage  curve  and  the  minimum 
severe-damage  curve  are  always  within  a  factor  of  two  and  often  much  less. 
This  means  that,  for  many  applications,  crude  failure  criteria  are  ade¬ 
quate.  This  is  discussed  more  fully  in  Chapter  5  of  Volume  XII. 

To  build  up  critical  load  curves  for  a  complex  structure,  we 
consider  the  possible  failure  modes  and  attempt  to  generate  the  corres¬ 
ponding  critical  load  curves.  Structural  failure  modes  usually  involve 


See  Fig.  5.13,  Chapter  5,  this  volume. 
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structural  elements  such  as  beams,  plates,  and  shells.  Critical  load 
curves  for  these  elements  are  given  in  the  following  chapters  of  this 
report. 


log  IMPULSE 

GH-S7J5-IIS 


FIG.  1.7  n  DIAGRAM  SHOWING  CRITICAL 
LOAD  CURVE  FOR  A  COMPLEX 
STRUCTURE  AS  THE  ENVELOPE 
CF  CRITICAL  LOAD  CURVES 
FOR  SEVERAL  MODES 
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CHAPTER  2 


RIGID-PLASTIC  BEAMS 
by 

A.  L.  Florence 


2.1  Introduction 


The  response  of  a  beam  to  a  suddenly  applied  load  which  is  large 
enough  to  cause  plastic  deformation  is  not  easy  to  find  even  when  the 
deflections  are  small  enough  to  allow  effects  of  geometry  change  to  be 
neglected.  This  is  primarily  due  to  the  nonlinearity  of  the  stress- 
strain  relationship.  Further  nonlinearity  is  introduced  if  the  stress- 
strain  relationship  is  sensitive  to  the  rate  of  loading,  but  we  shall 
not  be  concerned  here  with  such  a  property. 

To  achieve  some  simplification,  Lee  and  Symonds1  introduced  an 

idea  to  the  dynamics  of  beams  which  has  long  been  in  use  for  finding 

2 

collapse  loads  and  mechanisms  under  static  loading.  They  idealized  the 
properties  of  appropriate  materials  (e.g.,  aluminum  alloys  and  steels) 
by  neglecting  elastic  deformation  and  strain  hardening;  the  resulting 
idealized  material  is  called  a  rigid-perf eetly  plastic  material  (or,  for 
brevity,  rigid-plastic).  Thus  a  beam  under  dynamic  loading  will  remain 
rigid  until  the  critical  bending  moment  is  reached  at  a  sufficient  num¬ 
ber  of  sections  where  "plastic  hinges"  appear  so  that  the  beam  moves  as 
a  mechanism.  Depending  on  the  problem,  these  plastic  hinges  either  move 
along  a  beam  with  the  critical  moment  or  they  are  stationary  as  in  static 
collapse.  The  above  idealization  of  the  material  properties  and  the 
plastic  hinge  concept  are  described  in  Section  2.2,  and  the  application 
to  static  collapse  problems  is  outlined  in  Section  2.3. 

Section  2.4  is  devoted  to  a  development  of  the  dynamical  theory 
of  rigid-plastic  beams.  The  treatment  is  similar  to  that  given  by  Lee 
and  Symonds,1  but,  to  be  closer  to  the  objective  of  this  report,  the 
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example  of  a  clamped  beam  subjected  to  a  uniformly  distributed  blast 
pulse  is  used  to  develop  the  theory. 

Section  2.5  points  out  the  similarity  between  the  responses  of 
simply  supported  and  clamped  beams.  By  using  the  results  of  Section  2.4 
for  general  blast  pulses,  relationships  among  permanent  central  deflection, 
peak  pressure,  and  impulse  (area  under  pressure-time  curve)  are  found  in 

Sections  2.6  through  2.9  for  exponential,  triangular,  and  rectangular 

,  3 

pulses. 


In  Section  2.10  a  theorem  is  proved  concerning  the  effect  of 
pulse  shape  on  the  deflection  of  a  specified  class  of  rigid-plastic 
structures.  It  states  that  among  all  pulses  of  equal  peak  pressure  and 
impulse  the  rectangular  pulse  produces  the  maximum  displacement.  Al¬ 
though  clamped  and  pinned  beams  subjected  to  uniformly  distributed  blast 
pulses  do  not  fall  into  the  specified  class  of  structures  when  the  peak 
pressures  exceed  three  times  the  static  collapse  pressure,  the  theorem 
is  extended  to  include  these  cases. 

Section  2.11  discusses  the  "pressure-impulse"  diagram  and  its 
usefulness  in  presenting  the  relationship  between  deflection,  peak 
pressure,  and  impulse. 

Finally,  Section  2.12  presents  the  description  and  results  of 

experiments  on  pinned  and  clamped  beams  subjected  to  uniformly  distri- 

4 

buted  Ideal  impulses.  The  final  deformations  are  in  close  enough  agree¬ 
ment  with  theoretical  predictions  to  support  use  of  the  rigid-plastic 
theory  for  engineering  applications. 

Because  of  the  lack  of  space,  many  important  problems  are  not 
discussed  such  as  those  involving  cantilevers  and  beams  with  axial  con¬ 
straints,  but  treatments  can  be  found  in  Refs.  5  through  9. 

2.2  Bending  of  Beams — Plastic  Hinge 


We  are  concerned  here  with  beams  subjected  to  transverse  loading 
and  with  support  constraints  which  give  rise  to  a  resistive  bending 


moment  and  a  shear  force  at  each  cross  section  (but  no  axial  force). 
Specifically,  we  wish  to  find  the  distribution  of  normal  stress  over  a 
beam  cross  section  giving  the  resultant  bending  moment  and  then  to  use 
this  distribution  to  find  the  moment-curvature  relation  for  different 
basic  types  of  material  behavior.  For  simplicity  of  exposition,  a  beam 
of  rectangular  cross  section  is  chosen. 

Figure  2.1  shows  a  beam  element  of  breadth  b  and  depth  h 
located  a  distance  x  along  the  beam  from  the  origin.  In  Fig.  2.1a  the 
element  is  in  its  original  unstressed  state.  In  Fig.  2.1b  it  is  deformed 
by  stresses  having  M  and  Q  as  resultant  moment  and  shear  force  (the 
shear  deformation  is  neglected);  the  neutral  surface,  denoted  by  NS  , 
is  given  a  radius  of  curvature  R  ,  and  the  end  sections  of  the  element, 
assumed  to  remain  plane,  subtend  an  angle  d0  .  The  fiber  coordinate  is 
z  measured  from  the  neutral  surface  or  neutral  axis  (NA  in  Fig.  2.1c). 


FIG.  2.1  BEAM  ELEMENT,  (a)  Side  view  when  unsircssed, 
(b)  Side  view  when  stressed,  (c)  Cross  section 


Because  of  the  bending  action,  the  normal  stresses  acting  on 
the  element  are  compressive  above  and  tensile  below  the  neutral  surface. 
New  fiber  lengths  are  given  by  (R  +  z)dg  with  that  at  the  neutral  sur¬ 
face  remaining  unchanged  as  dx  =  Rd8  .  Thus  at  depth  z  a  fiber  has 
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the  strain 


t  =  l  (R  +  z)d0  -  Rde]/Rc«e  =  z/R  =  *z  (2.1) 

where  x  is  the  curvature  of  the  neutral  surface. 

Denoting  the  normal  stress  by  a  ,  the  bending  moment  M  is 
found  by  integrating  over  the  cross  section: 

-  h/2 

M  =  b  J"  zodz  (2.2) 

-h/2 

If  the  stress  is  now  given  as  a  function  of  strain  and  the  result  e  =  jys 
from  (2.1)  is  utilized,  the  integration  of  (2.2)  provides  the  required 
moment-curvature  relationship. 

For  an  elastic  material  obeying  Hooke's  law  with  Young's  modulus 
E,  we  have 


0  =  Ee  =  Exz 


(2.3) 


and  hence  (2.2)  becomes 


M  =  El*  (2.4) 

3 

where  I  =  bh  /12  is  the  second  moment  of  area  of  the  beam  cross  section. 

The  linear  stress  distribution  is  shown  in  Fig.  2.2a.  At  the 
outermost  fibers,  z  =  ±  h/2,  the  maximum  stress  magnitudes  c.  occur. 

D 

When  (the  yield  stress),  the  maximum  elastic  bending  moment 

Me  is  being  sustained  by  the  beam  cross  section.  From  formulas  (2.3) 

and  (2.4),  M  and  the  corresponding  curvature  x  are 
e  e 

M  =  c  bh2/6  and  x  =  2o  /Eh  (2.5) 

e  o  e  o 

The  stress  distribution  is  that  of  Fig.  2.2b. 


V 


» 


* 


* 
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GA  S7JJ  J3 

FIG.  2.2  DISTRIBUTIONS  OF  NORMAL  STRESS  ON  BEAM 

CROSS  SECTION,  (a)  Elastic,  (b)  Elostic  at  yielding, 
(c)  Elastic— plastic,  (d)  Fully  plastic. 


An  elastic-perfectly  plastic  material  has  the  stress-strain 

relationship  of  Fig.  2.3a,  in  which  the  material  behaves  elastically 

until  the  yield  stress  o  at  yield  strain  e  is  reached.  During 

o  e 

further  straining  the  stress  remains  constant  at  0q.  For  a  beam  of 

this  material,  bending  beyond  the  maximum  elastic  moment  produces 

the  stress  distribution  of  Fig.  2.2c.  At  the  two  sections  z  =  ±  the 

strain  in  the  fibers  is  the  yield  strain.  In  the  central  region,  < 

z  <  z  ,  the  state  is  elastic  with  a  —  a  (z/z  );  outside  this  region  it 
e  o  e 

is  plastic  with  a  uniform  normal  stress  aQ.  This  stress  distribution 


FIG.  2.3  STRESS-STRAIN  RELATIONSHIPS. 

(a)  Elastic-plastic,  (b)  Rigid-plastic, 
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substituted  into  the  integral  (2.2)  gives  for  the  bending  moment 

M  =  a  b(h2/4  -  z2/3)  (2.6) 

o  e 

In  the  central  region,  -z  <  z  <  z  ,  formula  (2.3)  applies  so  that  z 

e  e  e 

is  determined  by  =  a  / Eh  which,  when  substituted  in  (2.6),  gives 
the  required  moment-curvature  relationship 

M  =  a  (bh2/4)[l  -  (H  /k)2/3]  k  >  k  (2.7) 

o  e  e 

As  the  bending  moment  increases  the  curvature  increases  and  the 

coordinate  z^  decreases,  tending  toward  the  limiting  values  M  =  Mq, 

h  =  <=  ,  and  z  =0  where 
e 

M  =  a  bh2/4  (2.8) 

o  o 

The  stress  distribution  tends  toward  that  of  Fig.  2. 2d.  Mq  is  called 
the  fully  plastic  moment.  Formula  (2.8)  allows  (2.7)  to  be  written  in 
the  form 


M  =  M  [l  -  (K  /x)2/3]  h  ^  H  (2.9) 

o  e  e 

This  moment-curvature  relationship  is  shown  in  Fig.  2.4  for  the  case  of 

a  6061-T6  aluminum  beam  having  a  1-inch-square  cross  section.  The  stress- 

strain  curve  was  approximated  by  two  straight  lines  representing  an 

2 

elastic-perfectly  plastic  behavior  with  o  =  40,000  lb/ in  and  E  = 

7  2  ° 

10  lb/in  . 

A  rigid-perfectly  plastic  material  has  the  stress-strain  relation¬ 
ship  of  Fig,  2.3b.  Strain  is  possible  only  when  the  stress  is  the  yield 
stress  a  .  Figure  2,3b  can  be  looked  upon  as  the  limiting  case  of  the 
elastic-plastic  behavior  of  Fig.  2,3a  by  letting  the  elastic  modulus  E 
tend  to  infinity.  During  this  limiting  process  *e  from  (2.5)  tends 
to  zero  and  for  K  >  Ke  formula  (2.9)  shows  that  M  tends  to  Mq,  the 
fully  plastic  moment.  Thus  for  rigid-perfectly  plastic  materials  we  are 
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led  to  the  moment -curvature  relationship  M  =  M  («.  >  o)  as  shown  in 

o 

Fit;.  2.4.  A  consequence  of  this  relationship  is  that  curvature  of  a 
beam  element  is  possible  only  when  the  bending  moment  there  is  the  fully 
plastic  moment.  Furthermore,  the  curvature  can  become  unbounded,  pro¬ 
viding  a  plastic  hinge. 


FIG.  2.4  MOMENT-CURVATURE  RELATIONSHIPS  FOR  A  BEAM 
OF  6061-T6  ALUMINUM  WITH  1"  x  1"  CROSS 
SECTION  (Elastic-plastic  approximation  uses 
<7o  =  40,000  lb/in.2  and  E  =  107  lb/' in.2;  rigid-plastic 
approximation  uses  ao  =  40,000  lb /in.2) 

2. 3  Collapse  of  Beams  Under  Static  Loading 


This  discussion  on  the  collapse  of  beams  under  static  loading 
applies  to  beams  of  rigid-perfectly  plastic  material,  the  material  of 
prime  interest  throughout  this  chapter.  For  brevity,  it  will  be  called 
a  rigid-plastic  material. 

During  gradual  loading  a  rigid-plastic  beam  undergoes  no  de¬ 
flection  until  a  collapse  mechanism  forms  consisting  of  rigid  links 
between  a  sufficient  number  of  hinges  occurring  both  naturally  (e.g., 
simple  supports)  and  as  plastic  hinges  each  carrying  the  fully  plastic 
moment  and  allowing  large  rotations.  The  load  at  which  the  mechanism 
appears  is  the  static  collapse  load. 
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If  the  static  collapse  load  is  exceeded,  the  problem  becomes 
dynamical  with  inertial  forces  coming  into  play.  The  static  collapse 
mechanism  is  then  used  to  describe  the  motion  until  the  dynamic  loading 
is  ii  rge  enough  to  cause  violation  of  the  yield  condition,  M  =  Mq, 
whereupon  other  mechanisms  must  be  deduced.  For  loads  slightly  in  excess 
of  the  static  collapse  load,  it  is  reasonable  to  use  the  static  collapse 
mechanism,  because  the  inertial  forces  are  still  small. 

Many  structural  problems  are  complicated  enough  to  require  the 

2 

use  of  the  theorems  of  limit  analysis  to  establish  static  collapse  loads 
(or  upper  and  lower  bounds  for  these  loads)  and  mechanisms.  However,  in 
this  chapter  each  of  the  beam  problems  involving  blast  loads  has  a  cor¬ 
responding  static  problem  with  a  simple  exact  solution.  The  beams  are 
either  clamped  or  simply  supported  with  loading  uniformly  distributed 
over  the  entire  length.  In  each  of  these  symmetrical  cases  the  static 
collapse  mechanism  has  a  hinge  at  each  support  and  a  hinge  at  midspan. 

Before  proceeding  to  these  problems,  let  us  consider  a  more 
general  load  distribution.  Suppose  we  wish  to  find  the  dynamic  response 
of  a  clamped  rigid-plastic  beam  subjected  to  blast  loading  uniformly 
distributed  from  one  support  to  midspan.  We  can  first  obtain  the  collapse 
pressure  and  mechanism  for  the  corresponding  static  problem  shown  in 
Fig.  2.5a.  Only  the  hinge  locations  at  the  supports  are  immediately 
obvious  (from  a  qualitative  knowledge  of  the  elastic  bending  moment  dis¬ 
tribution  for  small  enough  values  of  the  load  p  per  unit  length  acting 
on  an  elastic  beam).  The  third  hinge  required  to  form  a  mechanism  is 
given  the  location  x  =  x^  as  yet  unknown.  Each  hinge  supports  a  fully 
plastic  moment  of  magnitude  Mq.  For  distributed  loading  the  shear  force 
Is  continuous  and  for  the  present  problem  is 

px  0  £  x  £  L/2 

pL/2  L/2  £  x  S  L 


3pL/8  - 
3pL/8  - 
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(b) 


S*-6T»-t» 

FIG.  2.5  STATIC  COLLAPSE  PROBLEM. 

(o)  Configuration,  (b)  Forces  and  moments. 


Since  dM/dx  =  Q,  the  moment  M  is  also  continuous.  Thus  to  have  a 


maximum  M  =  M  at  x 
o 


requires  Q  =  0  there.  To  have  it  other¬ 


wise  would  violate  the  yield  condition  in  the  neighborhood  of  x  =  x^. 
With  the  aid  of  Fig.  2.5b  we  are  now  able  to  write  the  equi^S^ium 
equations  for  each  link  of  our  mechanism.  By  taking  moments  about  each 
support,  these  equations  are 


2M  =  px,  /2 
o  h 


=  p(L/2  -  x^Il/2  +  (L/2  +  *h)/2] 


which  provide  the  hinge  location  and  static  collapse  pressure 


x  /L  =  (  y/T  -  1  )/4  p  =  4M  /x 

h  oh 


These  results  would  allow  us  to  start  the  dynamic  analysis  by 
adopting  the  mechanism  for  pressures  a  little  in  excess  of  the  static 
collapse  pressure  and  taking  into  account  the  inertia  forces. 
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2.4 


Dynamic  Response  of  Clamped  Beams  to  Blast  Loads 


To  present  the  method  of  finding  the  dynamic  response  of  a  rigid- 

plastic  beam  to  blast  loading,  we  shall  treat  fully  the  case  oi  a  clamped 

beam  subjected  to  blast  loading  uniformly  along  its  entire  length  (sec 

Fig.  2.6a).  A  blast  load  is  taken  here  to  mean  a  pressure-time  curve 

with  an  instantaneous  rise  to  the  peak  pressure  p  followed  by  a  raono- 

m 

tonic  decay  as  shown  in  Fig.  2.7.  In  later  sections  specific  pressure¬ 
time  curves  are  employed,  including  the  rectangular  pulse  (constant 
pressure  applied  for  a  short  time). 
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FIG.  2.6  CLAMPED  BEAM  IN  MECHANISM  1 

(ps  <  pm  <  3p  ).  (a)  Configuration,  (b)  Dynamics 
of  half-beam,  (c)  Beam  element  -  notation 


2. d.l 


Mechanism  1 


The  static  collapse  mechanism  has  a  plastic  hinge  at 
each  support  and  at  the  beam  center.  Referring  to  Fig.  2.6b,  which 

shows  one-half  of  the  beam  with  its  attend¬ 
ant  forces  and  moments,  the  sum  of  moments 
about  the  supports  equated  to  zero  gives 
the  static  collapse  pressure 


p  =  4M  /L 
s  o 


(2.10) 


FIG.  2.7  TYPICAL  BLAST  LOAD  of 


For  peak  pressures  slightly  in  excess 
pg  the  inertia  forces  are  small,  so 


it  is  reasonable  to  use  the  static  collapse 
mechanism  to  describe  the  motion.  We  shall 
call  this  mechanism  1.  Let  the  velocity  of  the  beam  center  be  V(t), 
where  t  represents  time.  The  angular  velocity  uu  of  each  half-beam  is 
then 


ou  =  V/L  (2.11) 

The  equation  of  angular  motion  about  the  support  is 

mL3u[i/3  =  pL2/2  -  2M  (2.12) 

o 

where  m  is  the  beam  mass  per  unit  length  and  the  dot  denotes  differen¬ 
tiation  with  respect  to  time. 

From  (2.12),  (2.11),  and  (2.10)  the  acceleration  of 
the  beam  center  is 


V  =  3(p  -  pg)/2m 


(2.13) 
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With  the  beam  initially  at  rest,  integration  of  (2.13)  gives 

V  =  3(1  -  pgt)/2m  (2.14) 

where  I  is  the  impulse  per  unit  length  that  has  been  applied  at  time 
t  and  is  defined  by 

t 

l(t)  =  f  p(  t  )d  T  (2.15) 

o 

The  time  t^  at  which  motion  ceases  is  found  by  setting 
V  =  0  in  (2.14)  which,  with  1^  =  Ht^)  defined  by  (2.15),  gives 

I2=Pst2  (2.16) 

Interpreted  geometrically,  the  result  (2.16)  requires  the  shaded  areas 

in  Fig.  2.8  to  be  equal.  The  angular  momentum  of  a  half-beam  about  a 
3  2  2 

support  is  mL  uj/3  =  mL  V/3  =  (I  -  Pst)L  /2,  so  the  growth  of  the  upper 
area  shows  how  the  angular  momentum  increases  and  the  growth  of  the  lower 
area  shows  how  the  angular  momentum  decreases  until  the  beam  comes  to 
rest.  At  the  intersection  p(t)  =  pg,  the  angular  velocity  is  a  maximum. 


FIG.  2.8  GEOMETRICAL  CONSTRUCTION 
FOR  DURATION  OF  MOTION 
(The  two  shaded  areas  are  equal) 


Knowing  the  duration  of  motion  t  ,  the  final  central  deflection  is  cal¬ 
culated  from 


y(L.t2) 


(2.17) 


To  oht.ain  the  range  cf  pressures  for  vhich  mechani  sm  1 
holds,  it  is  necessary  to  establish  the  pressure  at  which  the  yield  con¬ 
dition  Vi  =  M  is  violated.  This  pressure  will  now  be  found. 

With  the  notation  of  Fig.  2.6c,  the  equations  of  motion 
of  a  beam  element  are 


p  +  Q  -  my  =  0  (2.18) 

X  tt 

Q  -  M  =  C  (2.19) 

x 

where  subscripts  x  and  t  denote  partial  differentiation.  The  rotary 
inertia  of  the  beam  element  is  neglected.  Vhon  y  =  Vx/L,  with  V 
from  (2,13),  is  substituted  in  (2.18),  we  find  that 

Qx/pg  =  3(X  -  1)  t/2  -  X  (2.20) 

in  which  the  convenient  dimensionless  qualities  c,  =  x/L  and  X  -  p/pg 
have  been  introduced.  Expression  (2.20)  is  linear  iu  5  and  full  lines 
corresponding  to  the  values  X  =  1,  2,  and  3  are  shown  in  Fig.  2.9a;  a 
dashed  line  for  X  >  3  is  also  shown  (drawn  for  X  =  5).  From  (2.19), 

0  =  M  ,  so  (2.20)  tells  us  that  M  <0  for  1  <  X  <  3,  which  means 

X  XX  XX 

that  the  curvature  of  the  bending  moment  djagram  does  not  change  sign  as 


M  increases  from  -M  at  F  -  0  to 

o  ’ 

M  at 
o 

5  : 

-  1.  Formula  (2.20) 

also  tells  us  that  Q  =  M  =  0  at 

X  XX 

5=1 

when 

X  =  3 

and  that 

Qx  -  M  >0  i'.i  the  neighborhood  of 

5  -  i 

when 

X  >  3. 

Hence,  when 

X  >  3,  M  does  change  sign  (M  /p  = 

XX  XX  s 

(X  -  3)/2  >0  at  5=1). 

-x  <  o 

at 

5  =  0, 

M  /p  = 

XX  s 
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1  <  X  <  3  (equality  at  f  =  1)  but  in  the  neighborhood  of  5  ~ 

Q  =  M  <0  for  \  >  3.  Now  M  =  M  ,  its  maximum  permissible  value,  at 
x  o 

-  -  1,  so  M  >  M  in  the  neighborhood  of  F  =  1  for  1  >  3.  Thus  the 
o 

yield  condition  is  violated  when  the  pressure  is  greater  chati  three  times 

the  static  collapse  pressure  and  mechanism  1  becomes  invalid.  For  blast 

pulses  as  described  by  Fig.  2.7,  the  maximum  or  peak  pressure  p  occurs 

m 

immediately,  so  that  if  pg  <  p^  C  3pg  the  entire  deformation  takes  place 
by  mechanism  1. 

By  integrating  (2.21)  we  obtain  for  the  bending  moment 

the  expression 


M/M  =  1  -  (1  -  f)2  [2  -  O.  -  1)f]  (2.22) 

o  v  ** 

Moment  curves  are  shown  in  Fig,  2.9c.  Note  how  the  yield  condition  is 
violated  for  \  >  3.  If  \  =  3  +  §\»  where  6 \  is  small  and  positive, 
and  if  t  =  1  -  65,  where  65  is  likewise  small  and  positive,  the  value 
of  65  giving  Q  =  0  (excepting  6?  =  0)  is,  from  (2.21),  65  =  26X./3 
(2  +  J\).  Using  this  result  in  (2.22),  the  maximum  moment  is  approxi¬ 
mately  M  =  Mq[ 1  +  (6X/3)3]  >  Mq- 

2.4.2  Mechanism  2 

The  manner  in  which  the  yield  moment  is  exceeded  near 
the  beam  center  when  pressures  are  over  three  times  the  static  collapse 
pressure  suggests  a  new  mechanism,  "mechanism  2,"  consisting  of  a  central 
part  of  variable  length  undergoing  translatory  motion  connected  at  each 
end  by  a  moving  hinge  to  a  part  which  rotates  as  a  rigid  body  about  a 
support  (Fig.  2.10a).  For  the  half-beam  shown  in  Fig.  2.10b,  it  is 
assumed  that  each  section  between  the  hinge  at  x  =  x^( t )  and  the  center 
is  subjected  to  the  fully  plastic  moment,  but  changes  of  curvature  occur 
only  at  the  hinge. 
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V 


y(x.t) 


FIG.  2.10  CLAMPED  BEAM  IN  MECHANISM  2 

(pm  >  3ps).  (a)  Mechonism  2,  (b)  Motion 
of  half-beam,  (c)  Velocity  distribution, 
(d)  Acceleration  distribution. 


The  displacement  is  continuous  and  is  expressible  as 

x  (t) 
n 


(  y(L.t) 
(  y(L,t) 


J  e<x',t)dx' 

X 


0  £  x  £  x,_ 
n 

x,  £  x  £  L 


(2.2 


in  which  9  is  the  slope  or  rotation  of  a  beam  element  and  for 


I 


sui  i iciently  small  displacements  R  =  dy/dx.  As  the  plastic  hinge  travels 
along  the  beam  from  xfc<0)  to  L,  each  section  it  passes  is  rotated  an 
infinitesimal  angle  udt  while  xh  moves  a  distance  x^t.  The  hinge- 
leaves  behind  it  a  deformed  beam  with  a  continuous  slope  <■,  and  a  cur¬ 
vature  equal  to  ti/x^- 

Differentiation  of  (2.23)  for  the  transverse  velocity 

of  the  beam  gives 


,ttx.t>  =  -  <\  ~  *>*  -  e(xh’t>;ch 


O  •£  X  S  x. 


(2.24) 


yt(x,t)  -  yt(xh,t)  “  v 


xv  <  x  <  L 
h 


(2.25) 


where  x”  and  signify  points  just  to  the  left  and  right  of 

By  definition  of  the  mechanism,  the  slope  at  the  moving  hinge  is  zero, 
that  is,  CKxh,t)  =  0.  Hence  (2.24)  and  (2.25)  give  the  same  velocity 
at  x_  and  x^  ,  proving  that  the  velocity  is  continuous  across  the 
hinge  at  x  =  x^  and  consequently  it  is  continuous  along  the  whole 
beam.  We  thus  have 


yt(x,t)  =  V  -  (xfa  -  x)w 


0  <  x  £ 


(2.26) 


yt(x,t)  =  V 


x.  s.  x  £  L 
h 


(2.27) 


Lfferentiation  of  (2.26)  and  (2.27)  for  the  accelera¬ 


tion  gives 


ytt<x,t)  -  V  -  <xh  -  x)uj  -  x^ui 


0  &  x  £ 


(2.28) 


Vt/x.t)  =  v 


*h  **  SL 

(2.29) 


Hence  at  x  =  the  acceleration  has  a  discontinuity  of  magnitude 
x^ju.  Examples  of  velocity  and  acceleration  distributions  are  shown  in 
Figs.  2.10c  and  d. 

One  advantage  of  the  theory  of  rigid-plastic  beams  is 

that  the  motion  of  a  mechanism  is  governed  by  the  equations  of  elementary 

rigid  body  dynamics.  However,  unlike  mechanism  1.  this  mechanism  has 

links  which  vary  in  length  and  thus  it  is  not  obvious  that  assuming 

fixed  lengths  at  each  instant  is  correct.  The  angular  momentum  about 

the  support  of  the  rigid  portion  between  x  =  0  and  x  =  x,  (Fig.  2.10) 

h 

ulus  the  element  between  x  =  and  x  =  +  x^6t  at  time  t  is 

3 

H  =  mx  'jj/3  +  mx.  6t  Vx. 

h  h  n 

after  neglecting  powers  of  the  increments  higher  than  the  first.  Simi¬ 
larly,  at  time  t  +  6t  the  angular  momentum  is 

3 

H  +  6H  =  mxh  (a)  +  6uu)/3  +  mxh6t  •  xh 
giving  the  momentum  change 

3 

6H  =  mxfa  6u/3  +  mx^  -  V) 

But  the  velocity  is  continuous  at  x  =  x_,  that  is,  ujx,  =  V,  so 
3  h  h 

H  =  mx  >,11/3  holds  whether  the  hinge  is  moving  or  stationary, 
h 

Before  writing  the  equations  of  motion  for  each  portion 
of  the  beam,  we  note  that  the  shear  force  Q  is  zero  at  the  traveling 
hinge.  Integration  of  (2.18)  with  respect  to  x  shows  that  Q,  and 
hence,  by  (2.19),  M^,  is  continuous  along  the  beam.  Thus  for  M  =  Mq 

to  be  a  maximum  at  x  = 

h 


we  have  M  =Q=0  at  x  =  x. 

x  h 


The  equations  of  notion  for  the  two  portions  o(  the 


hall-beam  are  (see  Fig.  2.11) 

mV  =  P 

3 .  2 

mXhi/3  =  pxh/2  "  2M 

and  continuity  of  velocity  requires 

V  =  aixh 


<  x  &  L  (2.30) 

n 

0  <  x  <  (2.31) 

ft 


(2.32) 


FIG.  2.11  HALF-BEAM  IN  MECHANISM  2 


Equation  (2.30)  integrates  immediately  to  give  the 
velocity  of  the  central  portion  of  the  beam  as 

V  =  I/m  (2.33) 

Thus  from  (2.32)  w  =  I/mx^  and  when  i  is  eliminated  (2.31)  is  ex¬ 
pressible  in  the  form  (Ix§)’  =  12Mq  giving  for  the  hinge  location 

x^  =  12M  t/I  (2.34) 

n  o 

and  for  the  hinge  velocity 

Xj^  =  6Mo(I  -  pt)/I2xfa  (2.35) 
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For  a  blast  pulse  with  an  instantaneous  rise  to  its 
peak  pressure  p^  (see  Fig.  2.7  or  2.8),  the  starting  position  of  the  „ 

plastic  hinge  is  found  by  using  in  (2.34)  the  result:  Lira  (I/t)  =  p  , 

2  ^ 
t  -*  0.  This  limiting  process  gives  x.  (0)  =  12M  /p  or.  in  terms  of 

2  h  ora 

X  =  Pm/Ps  (whenever  X  >  3),  xh(0)/L2  =  3/X.  Again  for  a  blast  pulse 

we  have  I  >  pt,  so  that  (2.35)  predicts  a  positive  hinge  velocity.  The 
monotonic  decay  of  the  blast  pulse  is  more  than  enough  to  ensure  that  the 
hinge  proceeds  steadily  toward  the  beam  center.  (Note  that  for  a  rec¬ 
tangular  pulse  we  have  I  =  pt  while  the  pulse  is  acting.  Consequently 
^  =  0  and  a  stationary  hinge  exists  at  x  =  12M  /p  .)  Equation  (2.34) 

also  provides  the  time  t  =  t^  when  tne  hinge  arrives  at  the  beam  center 

as  the  solution  to 

X1  =  12Vl/L2  =  (2.36) 

Equation  (2.36)  may  be  given  a  geometrical  interpretation  similar  to  that  k- 

given  for  (2.16)  which  determines  the  duration  of  motion  when  it  occurs 
entirely  by  mechanism  1,  The  horizontally  shaded  areas  in  Fig.  2.12  are 
equal.  — 


FIG.  2.12  GEOMETRICAL  CONSTRUCTION  FOR  DURATION 
OF  MOTION  AND  DURATION  OF  MECHANISM  2 
(Areas  shaded  alike  are  equal) 


40 


At  time  t  =  t^  the  velocity  of  the  beam  center,  from 


(2.33),  is 


vi  *  V" 


(2.37) 


and  the  central  deflection  is 


»v '  i  f 


(2.38) 


Motion  now  continues  by  mechanism  1  according  to 
Eq.  (2.12)  or  in  terms  of  V  instead  of  ui,  according  to  Eq.  (2.13). 
With  the  initial  velocity  condition  (2.37),  integration  leads  to 


V  -  3(1  -  p  t)/2m 


(2.39) 


which  is  the  same  equation  as  (2.14).  The  total  duration  of  motion  tr 
is  found  by  setting  V(t2>  =0  in  (2.39).  Hence 


<2  =  V2 


(2.40) 


Interpreted  geometrically,  this  result  states  that  the  two  vertically 

shaded  areas  in  Fig.  2.12  are  equal.  The  angular  momentum  of  the  half- 

2  2 

beam  about  the  support  during  deformation  by  mechanism  2  is  m(L  -  x  )/2 

3  2  2  2  11 

+  mx^uu/3  =  IL  /2  -  1x^/6  =  (1  -  pgt)L  /2  which  is  the  same  as  that  dur¬ 
ing  deformation  by  mechanism  1.  Thus  the  growth  of  the  upper  shaded  area 
shows  how  the  angular  momentum  increases  and  the  growth  of  the  lower 
shaded  area  shows  how  the  angular  momentum  decreases  until  the  beam  comes 
to  rest. 


By  integrating  (2.39)  the  central  deflection  which 


occurs  during  deformation  by  mechanism  1  is 

t_ 


y(i>, tg)  -  y(L 


■Vs  _/,a,-r  (*!-*?)_ 


(2.41) 


where  y(L,t^)  is  given  by  (2.38). 
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To  find  the  final  shape  of  the  half-beam,  we  consider 

it  in  the  two  regions  0  £  x  £  x,(0)  and  x  (0)  £  x  £  L,  where  x (0) 

h  h  n 

is  the  initial  position  of  the  traveling  hing'e.  The  portion  of  the  beam 
in  the  former  region  experiences  only  rigid-body  rotation  about  the  sup¬ 
port  so  that 


y(x,t2)  = 


0  £  x  S  xt(0>  (2.42) 

h 


Now  since  m  =  I/mx^  when  0  £  t  £  t^  and  uy  =  V/L  -  3(1  -  pt)/2mL 
when  t.  £  t  £  t_,  formula  (2.42)  becomes 

X  4 

tl  t2 

y(x’V  =  i  fir  n  +  Ik  /  (I  -  pst)dt 

° 

0  £  x  £  xh(0)  (2.43) 


The  times  t,  and  t  are  given  by  Eqs.  (2.36)  and  (2.40).  In  the 

X  ct 

latter  region  xh(0)  s  x  s  L  the  traveling  hinge  passes  through  each 
beam  section.  Let  t  =  t  be  the  time  when  the  hinge  arrives  at 
section  x.  Then  we  have 


t(x)  t 

y(x,t2)  =  f  Vdt  +  J  upidt 
*o  *T(x) 


xfa(0)  £  X  £  L 


(2.44) 


which,  upon  substituting  V  ~  I/m  and  the  above  formulas  for  uj, 
becomes 

t(x)  ^  t2 

y(x, t_)  =  -  f  Idt  +  —  /  I  dt+|^-  /  (I  -  p  t)dt 

•’  ’2  my  m  J  —  2mL  J  s 

o  T(x)  xh  t ^ 

xh(0)  £  X  £  L  (2.45) 

2 

From  (2.34),  T(x)  is  the  solution  of  the  equation  x  =  12Mot/I(t)  or 
of  (x/L)2  =  3pgT/I(T). 


42 


Turning  now  to  the  shear  force  and  bending  moment  dia- 


%. 

V 

f 

i 


/ 


J 


grams  associated  with  mechanism  2,  we  first  note  that  we  have  M  -  Mq 

and  hence  Q  ■=  0  in  the  region  x.  <  x  £  L.  We  have  already  shown  that 

h 

at  x  =  x.  ,  the  location  of  the  hinge,  we  have  M  =  M  and  Q  =  0.  It 
n  o 

remains  to  describe  M  and  Q  in  the  region  0  s  x  c  x,  . 

h 

From  (2.18),  the  equation  of  motion  of  a  beam  element, 
the  acceleration  y  can  be  eliminated  by  using  the  relation  y  =  uux 

It  tt 

with  in  given  by  (2.31),  the  equation  of  motion  about  the  support  of 
the  rigid  portion  of  the  half-beam.  In  this  way  we  find  that 

Qx  =  -[(I  -  pt)x/xh  +  2pt( 1  -  x/x^)] 

0  s  x  <  x^  (2.46) 

which,  since  I  >  pt,  is  always  negative  no  matter  how  large  the 
pressure  may  be.  Thus  we  also  have  <  0,  which  means  that  the 

curvature  of  the  moment  diagram  is  always  negative.  Note  that  at 
x  =  x^  we  have  =  -(1  -  pt)/2t,  thereby  giving  the  discontinuity 
there  corresponding  to  the  discontinuity  x^uj  of  the  acceleration. 

By  integrating  (2.46)  we  obtain  for  the  shear  force 

Q  =  x  (1  -  x/x,  )[  I  -  pt)(l  +  x/x,)  +  2pt(l  -  x/x  )]/4t 
h  ii  n  n 

0  a  x  5  x^  (2.47) 

h 

which  shows  that  Q,  and  hence  is  always  positive. 

One  further  integration  provides  the  following  ex¬ 
pression  for  the  bending  tjsment : 

M/Mq  =  1  -  (1  -  x/x^)2[  (I  -  pt)(2  +  x/^)  +  2pt  (1  -  x/xh)]/I 

0  a  x  £  x^  (2.48) 
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and  because  Q  =  is  always  positive,  M  increases  monotonically 

from  -M  at  x  =  0  to  M  at  x  =  x..  It  is  concluded  therefore 
o  oh 

that  no  further  mechanist,  need  be  sought. 


The  above  observations  are  illustrated  by  Fig.  2.13 

which  shows  the  distributions  along  a  half-beam  of  Q,  and  M  for 

a  triangular  blast  pulse  with  X  =  p  /p  =  5.  \  *  p/p  =  2.  and 
1  t  e\  ms  s 

x  /L  =  (6/7)  . 

h 


2.4.3  Conservation  of  Energy 


For  a  rigid-plastic  beam  initially  at  rest,  the  work 
done  by  the  pressure  equals  the  sum  of  the  work  done  by  plastic  bending 
and  the  kinetic  energy.  Results  follow  which  give  the  rate  of  work  and 
rate  of  change  of  kinetic  energy  during  deformation  by  mechanisms  1 
and  2. 


The  rate  of  work  done  by  the  applied  pressure  is 


4F  =  /  »>'t 


pV(L  -  x,/2) 
h 


mechanism  2 


mechanism  1 


and  the  rate  of  plastic  work  done  in  bending  is 


W  =  2M  id  = 
P  o 


2MoV/xh 


2M  V/L 
o 


mechanism  2 


mechanism  1 


while  the  rate  of  change  of  kinetic  energy  is 


lmx^ii^/6  +  m(l  -  x^)ViS/2]  =pV(L  -  x^/Z)  “  SM^Y/x^  mechanism  2 


WK  = 


[mL^ui^/fi] 


=  pVL/2  -  2MoV/L 


mechanism  1 


V 


* 
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FIG.  2.13  DIAGRAMS  FOR  M  M,  AND  M  ASSOCIATED 
WITH  MECHANISM  2.  (aji  Qx  or  Mxx  diagram, 

(b)  Shear  force  diagram  (Q  -  Mx),  (c)  Bending 
moment  diagram. 
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It  is  readily  seen  that  the  results  satisfy  the  conservation  equation 


w  =  w  +  w 

F  P  K 

In  the  rather  simple  derivations,  we  use  the  relation 

X'  =  V/x.  (mechanism  2)  or  oj  =  V/L  (mechanism  1 )  to  eliminate  x, 
h 

and  the  relations  (2.34)  and  (2.35)  for  mechanism  2  to  eliminate  x. 

h 

and  t.  Making  such  an  energy  balance  is  often  a  useful  check  on  the 
solution  of  the  equations  of  motion. 

2  5  Dynamic  Response  of  Simply  Supported  Beams  to  Blast  Loads 

Since  the  dynmaic  response  of  a  simply  supported  beam  to  a  uni¬ 
formly  distributed  blast  load  is  so  similar  to  that  of  a  clamped  beam, 
we  shall  restrict  ourselves  to  showing  how  the  results  of  interest  can 
be  readily  deduced  from  those  in  Section  2.4.  Instead  of  a  moment 
M  =  -Mq  due  to  a  stationary  plastic  hinge  at  each  support,  we  have  the 
boundary  condition  M  =  0  representing  a  pinned  support.  Consequently, 
the  static  collapse  pressure  is  halved,  and  in  the  equations  of  angular 
motion  of  the  rigid  portion  of  a  half-beam  about  its  support,  that  is, 
in  Eqs.  (2.12)  and  (2.31)  of  mechanisms  1  and  2,  the  restoring  moment 
is  Mq  from  the  traveling  hinge  instead  of  2Mq  from  the  traveling 
hinge  plus  the  stationary  hinge  at  the  clamped  support. 

2.5.1  Mechanism  1 


The  static  collapse  mechanism  is  the  same  as  that  for 
the  clamped  beam,  a  hinge  at  each  support  and  at  the  center.  Since  the 
only  restoring  moment  acting  on  a  half-beam  is  M  =  M  from  the  plastic 
hinge  at  the  center,  the  equation  of  equilibrium  gives  a  static  collapse 
pressure  of 

p  =  2M  /L2  (2.49) 

s  o 

which  is  half  of  that  required  to  cause  collapse  of  a  clamped  beam. 


V 
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For  notion  by  Mechanism  1  the  governing  equation. 


corresponding  to  (2.12),  is 

mL3i/3  =  pL2/2  -  M 

o 


where  jj  = 

of  p  is 
*s 

condition 


V/L.  Equations  (2.13)  to  (2.21)  hold  provided  that  the  value 
given  by  (2.49)  wherever  it  occurs.  Because  of  the  support 
M  =  0,  the  bending  moment  expression  (2.22)  is  replaced  by 


M/M0  =  1  -  (1  -  ?)2[2  -  U  -  l)%]/2 


where  ^  =  x/L  and  \  -  p/p  ,  with  p  again  given  by  Eq.  (2.49). 

s  s 

Since  Eqs.  (2.20)  and  (2.21)  still  hold,  the  peak  pressure  of  the  blast 
pulse  is  restricted  to  the  range  p^  <  p^  <  3pg  (i.e.,  1  <  X  <  3)  in. 
order  not  to  violate  the  yield  condition. 


2.5.2  Mechani sm  2 


Whenever  the  peak  pressure  is  greater  than  3pg,  the 
mechanism  of  deformation  consists  of  a  variable  central  length  of  beam 
undergoing  translatory  motion  connected  at  each  end  by  moving  plastic 
hinges  or  interfaces  to  an  outer  portion  of  beam  rotating  as  a  rigid 
body  about  its  support.  In  the  central  portion  of  beam  the  moment  is 
M  =  Mq,  but  changes  of  curvature  occur  only  at  the  ends.  This  mechanism 
is  the  same  as  that  for  clamped  beams  and  is  suggested  by  the  trend  of 
the  shear  force  and  bending  moment  distributions  for  mechanism  1  as 
pressures  increase  through  3pg.  Although  the  miminum  peak  pressure 
activating  mechanism  2  corresponds  to  \  -  Pm/Ps  -  3  as  in  the  case  of 
clamped  beams,  the  actual  minimum  peak  pressure  is  half  of  that  for 
clamped  beams  because  pg  is  halved. 
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The  equations  of  aotion  for  mechanism  2  corresponding 


to  (2.30)  and  (2.31)  are 

mV  -  P  x.  <  x  <■  L 

n 

3  -  2 

mx.uu/3  “  px,  /=  -  M  0  s  x  <  xt 

h  h  ©•  h 

where  a*  =  V/x  .  The  solution  giving  the  hinge  location  is  found  by 

using  M  instead  of  2M  in  Eq.  (2.34),  so  that 

o  o 

* 

x2  =  6M  t/I  or  (xVL)2  =  3p  t/I  (2.50) 

ho  h  s 

with  pg  from  Eq.  (2.49).  From  Eq.  (2.50)  the  initial  position  of  the 
traveling  hinge  is  given  by 

x2(0)  =  6M  /p  =  3/A. 
h  o  m 


and  the  hinge  velocity  is 


x  =  3M  (I  -  pt)/I2x. 
ho  h 

Provided  we  use  formulas  (2.49)  and  (2.50)  for  pg 
and  whenever  they  occur,  Eqs.  (2.36)  to  (2.47)  hold.  Because  of 

the  support  condition  M  =  0,  the  bending  moment  expression  (2,48)  is 
replaced  by 

M/Mq  =  1  -  (1  -  x/x^}  [(I  -  pt )(2  +  x/x^)  +  2pt(l  -  x/xh>]/21 
2.6  Clamped  Beam  Subjected  to  an  Exponential  Blast  Load 

We  shall  now  find  the  relationship  among  the  peak  pressure, 
impulse,  and  final  central  deflection  for  a  clamped  rigid-plastic  beam 
subjected  to  an  exponential  blast  pulse  uniformly  distributed  over  its 
entire  length.  By  an  exponential  blast  pulse  we  mean  a  pulse  with  an 
instantaneous  rise  to  its  peak  pressure  p^  followed  by  an  exponentially 


decaying  pressure.  It  is  represented  by  the  pressure  .function 


p  =  p  e  (2.51) 

ro 

where  the  constant  k  =  p  /I  .  The  impulse  I  is  the  total  area  under 

mo  o 

the  pressure-time  curve.  Corresponding  to  (2.51),  we  have  the  impulse 
function 


I  =  I  (1  -  e“kt)  (2.52) 

o 

The  results  we  require  are  obtained  by  substituting 
Eq.  (2.52)  in  the  appropriate  results  of  Section  2.4  for  general  blast 
pulses.  It  is  convenient  to  express  our  results  in  terms  of  the  dimen¬ 
sionless  quantities 

X  =  p  /p  7  =  kt  =  p  t/I  and  v  =  6/<I2L2/nM  )  (2.53) 

m  s  in  o  o  o 

where,  for  brevity,  6  =  y(L,t)  is  the  central  deflection. 

2,6.1  Mechanism  1 


For  the  peak  pressure  range  <  p^  <  3ps>  where 
pg  =  4Mq/L2  is  the  static  collapse  pressure,  deformation  starts  by 
mechanism  1  (one  plastic  hinge  at  each  support  and  one  at  midspan). 

The  final  central  deflection  is  given  by  Eq.  (2.17)  in  which  t,,,  the 
time  when  motion  ceases,  is  the  solution  of  Eq.  (2.16).  Inserting  the 
impulse  function  (2.52)  in  (2.16)  and  converting  to  the  dimensionless 
variables  (2.53)  yields  for  Tg  =  kt,,  the  equation 

"T2 

1  -  e  =  t2A  1  <  >.  <  3  (2.54) 

Similarly  from  Eq.  (2.17)  the  dimensionless  final  central  deflection 
Vg  (value  of  v  at  time  t  =  tg  or  when  t  =  Tg)  is 

=  3[2(\  -  1)  -  t2]t2/16X2  1  <  X  <  3  (2.55) 
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2.6.2 


Mechanism  2 


Whenever  p  >  3p  ,  deformation  starts  by  mechanism  2, 
m  s 

which  is  described  i».  Section  2.4.2.  The  central  deflection  at  time 
t^,  when  mechanism  2  changes  to  mechanism  1,  is  given  by  £q.  (?.38), 
t  being  the  solution  of  Eq.  (2.36).  With  the  impulse  function  (2.52) 
and  the  variables  (2.53),  these  equations  become 

~T1 

1  -  e  =  37^/X  X  >  3  (2.56) 

v  =  (X  -  3)Tl/4X2  X  >  3  (2.57) 

Motion  continues  by  mechanism  1  until  it  ends  at 
time  the  solution  of  (2.40),  and  the  additional  central  deflection 

acquired  is  given  by  (2.41).  With  the  impulse  function  (2.52),  these 
equations  become 

~T2 

1  -  e  *  -  t2/X  X  >  3  (2.58) 

V2  -  =  3[2(X  -  l)r2  -  2(x  -  3)Tj  -  (t2  -  t2)]/16X2 

X  >  3  (2.59) 


2.6.3  Peak  Pressure,  Impulse,  and  Deflection  Relationship 

Equations  (2.54)  through  (2.59)  represent  the  required 
relationship  among  the  peak  pressure,  impulse,  and  permanent  central 
deflection.  Note  that  for  the  exponential  pulse  the  values  of  tj  and 
T2  are  solutions  of  transcendental  equations  and  have  to  be  found  nu¬ 
merically  for  each  value  of  X.  The  relationship  is  therefore  best  pre¬ 
sented  graphically  as  shown  by  the  curve  in  Fig.  2,14.  For  a  constant 

impulse  I  the  curve  shows  that  the  central  deflection  increases  with 
o 

increasing  peak  pressure  and  tends  asymptotically  to  a  value  correspond¬ 
ing  to  v  =  1/6  for  the  ideal  impulse.  This  can  be  seen  by  the  follow¬ 
ing  limiting  process.  As  and  hence  X  tend  to  infinity,  the 


Is  held  constant. 


constant  k  =  p/I  tends  to  Infinity  when  I 
m  o  o 

Since  the  left-hand  sides  of  Eqs.  (2.56)  and  (2.56)  are  bounded 

(0  <  1  -  e  T  <  1),  the  right-hand  sides  indicate  that  and 

also  tend  to  infinity  with  X.  This  behavior  allows  the  approximations 

”T1  “ To 

e  «  0  and  e  a:  0  so  that,  for  large  enough  1,  and 

can  be  given  the  values  =  X/3  and  t  =  \.  Substituting  these 
values  in  (2.57)  and  (2.59)  lef.ds  to  =  1/12  and  Vg  -  1/6,  the 
latter  being  the  value  at  the  vertical  asymptote  in  Fig.  2.14. 


FIG.  2.14  PEAK  PRESSURE,  IMPULSE,  CENTRAL  DEFLECTION 
RELATIONSHIP  FOR  A  CLAMPED  BEAM 
SUBJECTED  TO  AN  EXPONENTIAL  PULSE 


Clamped  Beam  Subjected  to  a  Triangular  Blast  Load 


We  shall  now  find  the  relationship  among  the  peak  pressure, 

impulse,  and  permanent  central  deflection  for  a  clamped  rigid-plastic 

beam  subjected  to  a  triangular  blast  pulse  uniformly  distributed  along 

its  entire  length.  By  a  triangular  blast  pulse  we  mean  a  pulse  with  an 

instantaneous  rise  to  its  peak  pressure  p  followed  by  a  linearly  de¬ 
ni 

caving  p-essure.  With  t  as  the  duration,  the  pulse  is  represented 
by  the  pressure  function 


p  (1  -  t/t  ) 
n  o 


0  S  t't  si 
o 


t/t  2  1 
o 


(2.60) 


The  impulse  Iq  =  p^t^/2  total  area  under  the  pressure-time 

curve.  Corresponding  to  the  pressure  function  (2.60)  is  the  impulse 
function 


1  (t/t  )  (2  -  t/t  )  0  s  t/t  SI 

o  o  o  o 


t/t  s  1 
o 


(2.61) 


We  shall  follow  the  procedure  of  Section  2.6  for  the  exponential 
load  by  using  the  impulse  function  (2.61)  in  conjunction  with  the  ap¬ 
propriate  formulas  derived  in  Section  2.4  for  the  general  blast  load. 
However,  since  the  triangular  pulse  is  of  finite  duration,  attention 
has  to  be  paid  to  the  relationship  of  the  time  tQ,  when  the  pulse  ends, 
to  the  times  t^  and  when  mechanisms  2  and  1  end.  As  will  be 

seen,  this  slight  complication  amounts  to  considering  peak  pressure 
values  within  four  ranges  instead  of  two  as  in  the  case  of  exponential 
pulses.  On  the  other  hand,  the  central  deflection  formulas  turn  out  to 
be  entirely  explicit,  unlike  the  exponential  case  which  involves  tne 
solution  of  transcendental  equations  for  the  times  tj  and  t^. 
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Again  it  is  convenient  to  express  our  results  in  terms  of 
dimensionless  quantities  as  follows: 

?.  =  p  /p  t  =  t/t  and  v  =  6/(I2L2/mM  )  (2.62) 

ms  o  o  o 

where,  for  brevity,  6  =  y(L,t)  is  used  to  denote  the  central  deflection. 

2.7.1  Mechanism  1 

For  the  peak  pressure  range  p^  <  <  3ps,  where 

pg  =  415^/L2  is  the  static  collapse  pressure,  deformation  starts  by 

mechanism  1  (described  in  Section  2.4.1).  Assuming  that  deformation  is 

still  in  progress  at  time  t  when  the  pulse  ends,  Eq.  (2.14)  predicts 

o 

a  velocity  at  midspan  of 


V(t  )  =  31  (1  -  2/X)/2m  (2.63) 

o  o 

But  (2.63)  shows  that  V(to)  is  positive  only  when  X  lies  in  the 
range  2  <  X  £  3.  In  other  words,  the  beam  is  still  moving  at  the 
termination  of  all  pulses  with  peak  pressures  such  that  2  <  \  s  3, 
whereas  motion  ceases  before  the  termination  of  pulses  with  peak  pres¬ 
sures  such  that  1  <  X  <2.  These  two  cases  are  now  considered  separ¬ 
ately. 

Case  1:  2  sX  i  3,  Motion  ceases  at  a  time  t„  £  t 

*  o 

given  by  p  t  /2  =  p  which  is  (2.16)  with  I_  =  l(t„)  =  I  =  p  t  /2. 

TOO  S  A  2,  O  EQ  O 

Hence,  in  terms  of  X  and  t,  we  have  t 2  =  X/2.  With  this  value  of 
T  and  the  impulse  function  (2.61),  Eq.  (2.17)  leads  to  the  final  dimen- 
sionless  central  deflection 

v2  =  (3X  -  4)/16X  2  s  X  S  3  (2.64) 

Case  2:  1  <  1  «  2.  Motion  ceases  at  a  time  t„  S  t 

2  o 

given  by  (2.16)  with  I  =  I  T„(2  -  t0).  Solving  for  t  in  terms  of 

A  O  A  A  4> 
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\.  we  find  that  T2  =  2  ”  H ~ ■  With  this  value  of  and  the  impulse 

function  (2.61),  Eq.  (2.17)  leads  to 

v2  =  (X  -  1)3/X4  1  «  \  (2.65) 

2.7.2  Mechanism  2 

Whenever  p  >  3p  ,  deformation  starts  by  mechanism  2 
m  s 

(described  in  Section  2.4.2).  Three  possibilities  arise:  either  the 

pulse  ends  during  mechanism  2  motion  or  during  mechanism  1  motion,  or 

the  pulse  is  still  acting  when  motion  ceases.  We  shall  now  show  that 

the  first  two  possibilities  exist  but  the  last  does  not.  Assuming  the 

pulse  ends  in  mechanism  2,  that  is  t  <  t  or  t  >  1,  Eq.  (2.36) 

o  1 

(I,  =  3p  t  )  becomes  t,  =  X/6  because  I,  =  I  .  Hence  t,  >  1  is 
1  s  1  1  1  o  1 

possible  if  X  >  6.  Assuming  the  pulse  ends  in  mechanism  1,  that  is 

tQ  >  or  t  <  1,  Eq.  (2.36)  becomes  t  =  2  -  6/X  because 

Ix  =  l0~^  ~  Tj).  Hence  t  <  1  is  possible  if  3  <  X  <  6,  and  thus 

the  whole  range  of  \  >  3  is  accounted  for.  A  pulse  with  a  duration 

exceeding  the  duration  of  motion  t  has  to  satisfy  Eq.  (2.40)  (I  =  p  t) 

4  2  S 

which  becomes  T  =  2(1  -  l/X)  because  I  =  I  t  (2  -  t  ) .  Hence  for 
no  X<3  is  Tj'^li  and  so  the  pulse  duration  cannot  exceed  the  motion 
duration.  The  two  possible  cases  will  now  be  treated  separately. 

Case  1:  3  <  X  <  6.  Equation  (2.36)  with  = 

Iqt^(2  -  x  )  gives  the  dimensionless  time  when  mechanism  2  ends  as 
Tj  =  2  -  6X.  With  this  value  of  and  the  impulse  function  (2.61) 

substituted  in  the  central  deflection  Eq.  (2.38),  we  have 

Vj  =  2(X  -  3 ) 2 ( X  +  6)/3X4  3  £  x  £  6  (2.66) 

The  pressure  is  still  being  applied  during  part  of  the 

remaining  mechanism  1  motion.  After  the  pulse  ends,  the  velocity  is 

that  of  (2.39)  with  1=1,  and  thus  (2.40),  giving  the  time  when  motion 

o 

ceases,  becomes  I  =  p  t  which,  in  terms  of  t,  and  X,  is  t„  =  X/ 2. 

o  s  2  2 
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Substituting  and  I  in  (2.41),  we  obtain  for  the  central  de¬ 

flection  occurring  during  motion  by  mechanism  1 

v  “  V1  =  (3X  ~  4)/16X  ~  -  3)2(X  +  3)/>4 

which,  upon  substituting  v  from  (2.66),  becomes 

v2  =  ( 3\  -  4)/16X  -  (X  -  3)3/3X4  3  £  X  *  6  (2.67) 

Case  2:  X  >  6.  We  have  shown  that  whenever  X  >  6 

the  pulse  ends  during  motion  by  mechanism  2.  Hence  in  (2.36)  we  can 

set  I,  =  I  to  give  t,  =  a/6.  With  this  value  of  and  the  impulse 

1  o  1  1 

function  (2.61)  substituted  in  (2.38),  we  find  that  the  dimensionless 
central  deflection  at  the  end  of  mechanism  2  is 

V  =  (X  -  2)/12X  (2.68) 

No  pressure  is  being  applied  during  mechanism  1  motion.  Setting  I  =  I 

b  O 

in  (2.40)  yields  t2  =  X/2  for  determining  the  time  when  motion  ceases 

and  the  newly  found  formulas  for  and  along  with  the  impulse 

1=1,  substituted  in  (2.41)  give 
o 

v2  -  =  1/12  (2.69) 

for  determining  the  central  deflection  acquired  during  motion  by 
mechanism  1.  By  using  (2.68)  to  remove  from  (2.69),  we  obtain 

v2  =  (X  -  D/6X  X  ^  6  (2.70) 

2.7.3  Peak  Pressure,  Impulse,  ai  Deflection  Relationship 

Equations  (2.64),  (2.65),  (2.67),  and  (2.70)  represent 
explicitly  the  required  relationship  among  peak  pressure,  impulse,  and 
permanent  central  deflection  for  all  values  of  X.  In  Fig.  2.15  the 
curve  shows  how  the  final  dimensionless  central  deflection  v  varies 
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with  For  a  constant  impulse  I  the  central  deflection  6  increases 

o 

monotonically  with  peak  pressure  and  tends  to  a  finite  limiting  value  as 
\  -»  <=.  This  limiting  value  corresponds  to  an  ideal  impulse  and  is  repre¬ 
sented  by  the  asymptote  in  Fig.  2.15.  The  value  of  v  at  the  asymptote, 
found  by  letting  \  -*  »  in  (2.70),  is  v  ~  1/6,  the  same  as  that  found 
in  Section  2.6.3  for  the  limiting  case  of  the  exponential  pulse,  as 
expected. 


FIG.  2.15  PEAK  PRESSURE,  IMPULSE,  CENTRAL  DEFLECTION 
RELATIONSHIP  FOR  A  CLAMPED  BEAM 
SUBJECTED  TO  A  TRIANGULAR  PULSE 


V 


* 
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2.8 


Clamped  Beam  Subjected  to  a  Rectangular  Blast  Load 


We  shall  now  find  the  relationship  among  the  pressure,  impulse, 

and  final  central  deflection  for  a  clamped  rigid-plastic  beam  subjected 

to  a  rectangular  pulse  uniformly  distributed  along  its  entire  length. 

By  a  rectangular  pulse  we  mean  a  pulse  with  an  instantaneous  rise  to  a 

pressure  p  which  is  then  held  constant  until  a  time  t  when  the 
m  o 

pressure  instantaneously  falls  to  zero.  The  pressure  and  impulse 
functions  meeting  this  description  are 


p  t  =  1  (t/t  ) 

m  o  o 


1  = 


p  t  =  I 
mo  o 


0  £  t  <  t 

o 

(2.71) 

1  >  to 
0  £  t  £  t 

o 

(2.72) 

t  s  t 

o 


Again  the  results  we  require  are  found  by  substituting  the  im¬ 
pulse  function  (2.72)  into  the  appropriate  results  of  Section  2.4  for 
general  blast  pulses.  A  unique  property  of  a  rectangular  pulse  with 
p^  >  3ps  is  that  the  two  hinges  which  appear  within  the  span  to  form 
mechanism  2  remain  stationary  during  the  entire  time  the  pulse  is  acting. 
This  property  ensures  that  the  pulse  is  always  over  before  mechanism  2 

ends.  Whenever  p  <  p  <  3p  ,  motion  is  entirely  by  mechanism  1  with 
s  s 

the  velocity  increasing  while  the  constant  pressure  is  being  applied 
so  again  the  pulse  is  always  over  before  mechanism  1  ends.  Thus  the 
whole  of  a  rectangular  pulse  is  used  to  cause  deformation  which,  of 
course,  is  never  the  case  with  an  exponential  pulse  and  is  not  the  case 
with  a  triangular  pulse  whenever  p  <  p  <  2p  . 

S  ID  6 
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Again  it  is  convenient  to  express  our  results  in  terms  of  the 
dimensionless  variables 

X  =  p  /pc  T  =  t/t  and  v  =  6/(I2L 2/m  )  (2.73) 

ms  o  o  o 

where,  for  brevity,  5  =  y(L,t)  is  the  central  deflection. 

2.8.1  Mechanism  1 

For  the  peak  pressure  range  p  <  p  <  3p  ,  where 
2  s  in  s 

Pg  =  4Mq/L  is  the  static  collapse  pressure,  motion  starts  by  mechanism  1 

(see  Section  2.4.1).  At  time  t  Eq.  (2.14)  predicts  a  midspan  velocity 

of 

t  )  =  31  (1  -  l/\)/2m 

o  o 

which  is  positive  fu  \  in  the  whole  range  1  <  \  £  3  under  considera¬ 
tion.  Motion  thus  ends  at  some  time  tg  such  that  >  tQ  or  ig  >  1. 
Ir.  terms  of  t_  and  \,  this  time,  from  (2.16)  with  I„  =  I  ,  is 
Tg  =  1/X-  In  terms  of  Vg  and  X,  from  (2.17)  with  the  impulse  function 
(2.72)  and  with  Tg  =  1/X,  the  central  deflection  is 

Vg  =  3(1  -  1/X)/16  1  S  \  £  3  (2.74) 

2.8.2  Mechani sm  2 


Whenever  p  >  3p  ,  motion  starts  by  mechanism  2  (see 

ra  s  , 

Section  2.4.2).  Equation  (2.34),  which  is  x,  =  12M  t/I ,  becomes 
2  ho 

=  12M  /p  when  the  pulse  is  acting,  showing  that  the  hinge  is  sta- 
n  o  m  2 

tionary.  After  the  pulse  has  ended  the  equation  becomes  =  12MQt/Io, 

and  hence  the  time  t  when  mechanism  2  ends  is  given  by  (2.36)  with 

Ij  =  1q.  Thus  x  =  X/3,  and  from  (2.38)  with  the  impulse  function  (2.72), 

we  obtain 


V 


V  =  1/12  -  1/8X 
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Motion  is  completed  by  mechanism  1  at  a  time  determined  by  (2.40) 

with  =  IQ.  Thus  r2  “  X  and  (2.41)  with  I  =  Iq  gives 

v2  -  vx  =  1/12 

Elimination  of  then  yields  the  required  central  deflection  formula 

v2  =  1/6  -  1/8X  U3  (2.75) 

2.8.3  Peak  Pressure,  Impulse,  and  Deflection  Relationship 

The  required  relationship  among  peak  pressure,  impulse, 
and  permanent  central  deflection  is  represented  explicitly  by  (2.74)  and 
(2.75).  From  the  equations  the  curve  of  X  versus  v  in  Fig.  2.16  was 
drawn.  For  a  constant  impulse  I  the  central  deflection  6  increases 


FIG.  2.16  PRESSURE,  IMPULSE,  CENTRAL  DEFLECTION 
RELATIONSHIP  FOR  A  CLAMPED  BEAM 
SUBJECTED  TO  A  RECTANGULAR  PULSE 


monotonically  with  peak  pressure  and  tends  to  a  finite  limiting  value  as 
X  -*  «.  This  limiting  value  corresponds  to  an  ideal  impulse  and  is  repre¬ 
sented  by  the  asymptote  in  Fig.  2.16.  The  value  of  v  at  the  asymptote, 
found  by  letting  X  -*  00  in  (2.75),  is  v  =  1/6,  the  same  as  that  found 
in  Sections  2.6.3  and  2.7.3  for  the  limiting  cases  of  exponential  and 
triangular  pulses,  as  it  should  be. 

2 . 9  Simply  Supported  Beams  Subjected  to  Specific  Blast  Loads 

In  this  section  we  shall  present  formulas  representing  the 
relationship  among  peak  pressure,  impulse,  and  permanent  central  de¬ 
flection  for  a  simply  supported  rigid-plastic  beam  subjected  to  a  spe¬ 
cific  blast  load  uniformly  distributed  along  its  entire  length.  The 
specific  pulses  which  concern  us  here  have  exponential,  triangular,  and 
rectangular  pressure-time  curves,  and  we  can  write  the  formulas  simply 
by  doubling  the  right-hand  sides  of  those  for  clamped  beams  in  Sections 
2.6,  2.7,  and  2.8.  The  reason  for  this  simple  doubling  process  is 
basically  that  the  restoring  moment  acting  on  the  rigid  portion  of  a 
beam  as  it  rotates  about  a  simple  support  is  half  of  that  acting  when 
the  support  is  clamped.  It  was  shown  in  Section  2.5  that,  with  the 
exception  of  the  bending  moment  distribution,  the  results  of  Section  2.4 
for  clamped  beams  under  general  blast  loading  are  applicable  to  simply 

supported  beams  provided  the  appropriate  static  collapse  load  is  taken, 

2  2 

that  is,  p  =  2M  /L  instead  of  p  =  4M  /L  .  When  the  deflection 
*s  o  *s  o 

formulas  are  being  converted  into  the  dimensionless  form  v  =  v(X), 
where 


X  =  P  /p  V  =  6/(I2L2/b«  )  (2.76) 

ms  o  o 

a  factor  1/p  appears  on  the  right-hand  side,  thereby  accounting  for 
s 

the  doubling  process.  In  (2,76)  p  denotes  peak  pressure,  I  the 

m  o 

total  area  under  the  pressure-time  curve,  and  6  denotes  permanent  mid- 
span  deflection. 
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The  results  are  given  below  in  terms  of  the  dimensionless 
variables  X  and  v  of  (2,76)  and  the  X  versus  v  relationship  for 
each  pulse  shape  is  shown  in  Fig.  2.17. 

Exponential  Pulse: 


|3[2(X  -  1)  -  t2J  t2/SX2 


1  £  X  *  3 
2 


'[6(X  -  1)  t2  -  2(X  -  3)  Tl  -  3(t2  -  t^)]/8X 


X  2  3 


where 


~T1  "T2 
(1-3  A)  =  3 t./X  and  (1  -  e  *)  »  Tg/X 


Triangular  Pulse: 


2(X  -  1)3/X4 


1  «  X  &  2 


v  =  < 


(3X  -  4)/8X 


|(3X  -  4)/8X  -  2(X  -  3)3/3X4 


2  S  X  &  3 

3  5X^6 


(X  -  1)/3X 


X  a  6 


Rectangular  Pulse: 


!  J 
\ 


V  ~ 


i  3CX  -  1)/8X 


(4X  -  3)/12X 


Ideal  Impulse: 


v  =  1/3 


1  <  X  S  3 

X  2  3 


X  = 
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FIG.  2.17  PEAK  PRESSURE,  IMPULSE,  CENTRAL 
DEFLECTION  RELATIONSHIP 
FOR  SIMPLY  SUPPORTED  BEAMS 


An  interesting  feature  of  Fig.  2.17  is  the  spacing  between  the 
curves,  which  shows  how  the  central  deflection  6  from  pulses  of  equal 
peak  pressure  and  equal  impulse  Iq  depends  on  the  pulse  shape. 

Any  horizontal  line  (\  >  1)  intersects  the  curves  to  give  three  de¬ 
flection  values.  The  greatest  of  these  is  from  the  rectangular  pulse 
and  the  smallest  is  from  the  exponential  pulse.  At  low  peak  pressures 
the  deflection  values  are  significantly  different  from  each  other.  As 
the  peak  pressure  tends  to  infinity,  the  differences  tend  to  zero, 
because  each  pulse  tends  to  an  ideal  impulse.  Figure  2.18  also  illus¬ 
trates  these  observations  by  showing  the  variation  with  \  of  the 
ratios  and  5A/6C  of  the  central  deflections  from  triangular 

and  exponential  pulses  to  those  from  rectangular  pulses,  all  pulses 
having  the  same  impulse  1^.  The  dependence  of  central  deflection  upon 
pulse  shape  is  discussed  more  fully  in  the  next  section. 
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FIG.  Z18  VARIATION  OF  CENTRAL  DEFLECTION  RATIOS 
WITH  PEAK  PRESSURE  FOR  PINNED  AND 
CLAMPED  BEAMS  (S^,  Sg,  8 £  are  central  deflections 
caused  by  exponential,  triangular,  and  rectangular  pulses) 


2.10  Pulse  Shape  which  gives  Maximum  Deflection 


Our  main  purpose  is  to  prove  that  the  permanent  central  de¬ 
flection  of  a  simply  supported  or  clamped  rigid-plastic  beam  due  to  a 
uniformly  distributed  blast  pulse  of  given  peak  pressure  and  impulse 
is  greatest  when  the  pulse  is  rectangular.  This  result  is  also  true 
for  more  general  structures  as  will  be  shown  by  examples. 

2.10.1  Simplest  Rigid-Plastic  System 


We  shall  find  the  dependence  on  pulse  shape  of  the 
maximum  displacement  of  the  simple  system  shown  in  Fig.  2.19.  A  pres¬ 
sure  p(t)  acts  on  a  mass  m  per  unit  area 
ptt)  jn_  p,  having  a  constant  resisting  pressure  ps> 

Whenever  p(t)  becomes  larger  than  pg  the 
mass  is  set  in  motion  according  to  the 
equation 


-  □ 


•A-  4MI  I4 


FIG.  2.19  SIMPLEST  RIGID- 
PLASTIC  SYSTEM 


p(t)  -  ps  =  mx 


(2.77) 


where  x  is  the  displacement  from  the  initial 
at -rest  position.  With  the  initial  conditions 


$ 
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x(0)  =•  x(0)  =  0,  successive  integrations  of  (2,77)  give 

I(t)  -  p  t  *  mx  (2.78) 

A ( t )  -  Pgt2/2  =  mx  (2.79) 

where  I(t),  the  impulse,  is  the  area  under  the  pressure-time  curve  at 
time  t,  and  A(t)  is  the  area  under  the  impulse-time  curve  at  time  t. 
For  convenience,  bat  without  loss  of  generality,  we  shall  consider 
pulses  with  an  initial  pressure  greater  than  pg,  i.e.,  p(0)  >  p  . 

Let  the  mass  come  to  rest  at  time  t  =  t.  .  Then  (2.78) 
with  x(t  )  =  0  gives  t  =  I  /p  where  I  =  I(tn).  Substituting 

Z  Z  Z  S  Z  2, 

this  result  for  t  ir.  (2.79)  gives  for  the  final  displacement 

mx2  =  A2  -  I2t2/2  (2.80) 

in  which  A2  =  A(t2). 

By  means  of  expression  (2.80),  the  deflections  x 

z 

due  to  pulses  of  equal  peak  pressure  p  and  impulse  I  are  compared 

pi  o 

with  the  deflection  due  to  a  rectangular  pulse  of  pressure  p  and 

in 

impulse  1^.  Note  that  Iq  is  the  total  area  under  the  pressure-time 

curve,  whereas  I  is  the  area  at  time  t  =  t  .  Thus  two  cases  arise, 

z  z 

depending  on  whether  I  =  I  or  I  >  I  ;  in  the  former  case  the  whole 

o  z  o  z 

pulse  is  used  in  moving  the  mass,  while  in  the  latter  it  is  not. 

Case  1:  I  =  I„.  If  the  pulse  ends  at  time  t  =  t  , 
o  z  o 

then  t  £  t  and,  since  t  =  1,,/p  =  I  /p  ,  the  duration  of  motion  is 

O  Z  m  w  s  OS 

the  same  for  all  pulses.  Also,  (2.80)  becomes 

M2  =  A2  “  W2  (2-81) 

2 

and, since  the  term  I  t_/2  =  I  /p  is  the  same  for  all  pulses,  it  re- 

o  z  os 

mains  to  study  the  function  A^. 
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Among  s 11  pulses  of  equal  Impulse  I  and  maximum 

pressure  p  ,  the  minimum  of  the  duration  times  t  is  possessed  by  a 
m  o 

rectangular  pulse.  Let  this  minimum  duration  time  be  t\  Then  when 

t  =  t/  the  pulses  satisfy  1  £  p  t'  and  A  £  p  t  ,2/2  with  equality 
o  mo  mo 

only  for  the  rectangular  pulse.  When  t  =  (t2  ;>  t  >  t^), 


A0  =  J  I(T>dT  +  J" 


I(T>dT  apt ,2/2 
m  o 


+  I  (t„  -  t') 
o  2  o 


(2.82) 


o 

again  with  equality  only  for  the  rectangular  pulse,  so  that  and 

hence  x2>  from  (2.81),  are  maximum  when  the  pulse  is  rectangular. 


This  result  can  be  illustrated  in  the  impulse-time 
plane  of  Fig.  2.20.  For  a  rectangular  pulse,  Ag  is  the  area  under 

00  /F,  whereas  for  more  general  pulses 


OO^F 


is  the  area  under  the  curved  line 
The  triangular  area  under  OF 

Thus,  according  to  (2.80), 


is  W2 

the  final  displacement  x  is  1/m 

2 

times  the  difference  between  the  two 


areas  A„  and 

At 


I  t/2.  For  a  rectan- 

£t  2 


FIG.  2.20  IMPULSE-TIME  DIAGRAM 


gular  pulse  this  difference  is  the 
triangular  area  00  #F  and,  for  other 
pulses,  it  is  the  shaded  area.  The 
maximum  slope  of  the  curve  OO^  is  that 
of  the  line  00 '  and  is  the  maximum 


pressure  p  ;  therefore  the  curve  lies  wholly  in  triangle  00  F.  Note 
m 

that  the  slope  of  the  line  OF  is  pg  and  if  the  curve  intersects  OF 
the  mass  comes  to  rest  because,  according  to  (2.78),  I  =  pgt  requires 
x  =  0,  This,  however,  is  case  2. 


Case  2:  I  <  I  .  In  this  case  pressure  is  still  being 
«  o 

applied  when  motion  ceases.  Again  let  t^  be  the  duration  of  a  rectan¬ 
gular  pulse  of  peak  pressure  p  and  impulse  I  and  let  the  duration 

01  o 

of  motion  when  this  rectangular  pulse  is  applied  be  t2>  The  time  t2 
equals  the  common  duration  of  motion  of  case  1.  In  case  2,  however, 
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t'  exceeds  the  duration  of  motion  because  t  ’  -  I  /r  >  I„/p  =  t,, 
2  2  o  s  2  '  s  2 

Since  I  <  I  ,  we  have  for  A  ,  instead  of  (2.82),  the  inequality 

A  0  £ 


A-  <  p  t  ,2/2  +  I  (t  -  t') 
2  m  o  o  2  o 


Thus  (2.80)  for  the  maximum  displacement  becomes 


mx  <  I  t  ,/2  +  I  (t„  -  t')  -  I _t  /2 
2  oo  o2  o  22 


(2.83) 


In  order  to  compare  the  displacement  with  that  caused 
by  a  rectangular  pulse,  we  add  to  the  right-hand  side  of  (2.83)  the 


V'2  -  *2>  -  (Io'2  -  W/2- 


positive  quantity 
follows  from  an  algebraic  proof  that  it  equals 
this  way  we  obtain  the  inequality 


That  it  is  positive 


[  t ' 
o  2 


(1 


Vt')V2. 


In 


IX,  <1  t'/2+  I  <t'  -  t')  -  I  t'/2 
2  oo  o2  o  o2 


(2.84) 


which  states  that  whenever  the  pulses  cause  displacements 

which  are  always  less  than  that  caused  by  a  rectangular  pulse  with  the 
same  peak  pressure  and  total  impulse. 


An  illustration  of  this  result  can  be  seen  in  the 

impulse-time  diagram  of  Fig.  2.21.  Since  I  /t  =  P  »  the  point  G  lies 

A  A  S 

on  the  line  OF  which  is  the  same  as  OF  in  Fig.  2.20.  The  area  under  the 

curve  0G  is 

area  under  0G  is  I2t2/2.  Their  dif¬ 
ference,  shown  shaded,  is  1/m  times 


A2  and  the  triangular 

W2- 


F!G.  2.21  IMPULSE-TIME  DIAGRAM 


the  displacement  x^,  while  the  trian¬ 
gular  area  00 'F  is  1/m  times  the  dis¬ 
placement  due  to  a  rectangular  pulse. 
The  inequality  (2.84)  states  that  the 
shaded  area  is  less  than  the  area  of 
triangle  00  'f. 
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From  the  above,  the  following  theorem  can  be  stated. 


Theorem :  Among  all  pulses  of  equal  peak  pressure  and  impulse,  the  rec¬ 
tangular  pulse  causes  the  maximum  permanent  deformation  of  a  rigid- 
plastic  structure  that  is  representable  by  a  mass  with  a  constant  re¬ 
sisting  force. 

2.10.2  Applications  of  the  Theorem 

We  shall  now  give  a  few  examples  of  simple  rigid-plastic 
structures  which  are  representable  by  a  mass  and  a  constant  resisting 
force  during  deformation  caused  by  blast  loads. 

(a)  Beams:  A  simply  supported  or  clamped  rigid- 

plastic  beam  subjected  to  a  blast  pulse  uniformly  distributed  along  its 

entire  length  undergoes  deformation  by  a  three-hinged  mechanism  (one  at 

each  support  and  at  midspan  as  described  by  mechanism  1  in  Sections  2.4 

and  2.5)  whenever  the  peak  pressure  p  lies  in  the  range  p  <  p  <  3p 
2  2  01  sms 

where  pg  =  2Mq/L  and  =  4Mq/L  are,  respectively,  the  static 

collapse  pressures  for  the  simply  supported  and  clamped  beams.  For  both 

types  of  support  the  equation  of  motion  is 

p(t>  -  p  =  (2m/3)6  p  <  p  <  3p 
s  s  s 

where  6  is  the  central  deflection.  Thus  these  structures  are  repre¬ 
sentable  by  means  of  a  mass  2m/3  with  a  constant  resisting  force  pg 
and  the  theorem  applies. 

(b)  Rings :  Assuming  that  no  buckling  occurs,  a 
rigid-plastic  ring  subjected  to  a  blast  pulse  applied  uniformly  around 
the  outside  moves  inward  according  to  the  equation 

n(t)  -  c  h/a  =  mw 
o 

where  aQ  i3  the  yield  stress,  m  the  mass  per  unit  length  of  circum¬ 
ference,  h  the  thickness,  a  the  radius,  and  w  the  inward  displace¬ 
ment.  Since  the  static  collapse  pressure  is  pg  =  aQh/a,  we  have  the 


required  representation  for  the  theorem 


p(t)  -  =  mw  (2.85) 

(c)  Spherical  Shell:  The  spherical  shell  problem 
analogous  to  the  ring  problem  results  in  Eq.  (2.85)  with  pg  =  2aQh/a, 

(d)  Circular  Plate:  It  can  be  shown  (see  Section  3.7.1) 

that  whenever  the  peak  pressure  p  lies  in  the  range  p  <  p  <  2p  a 

m  sms 

simply  supported  circular  rigid-plastic  plate  subjected  to  a  blast  pulse 
uniformly  distributed  over  the  entire  area  is  set  in  motion  according  to 
the  equation 

p(t)  -  p  =  (m/2)6  p  <  p  <  3p 

s  sms 

where  6  is  the  central  deflection,  m  the  mass  per  unit  area,  and 
2 

Pg  =  6MQ/a  is  the  static  collapse  pressure,  Mq  being  the  fully 
plastic  moment  per  unit  arc  length  and  a  the  plate  radius, 

2.10.3  Clamped  and  Simply  Supported  Beams 

It  will  now  be  proved  that  the  permanent  central  de¬ 
flection  of  a  clamped  or  simply  supported  rigid-plastic  beam  caused  by  a 
uniformly  distributed  blast  pulse  of  any  peak  pressure  p^  and  impulse 
1^  is  greatest  when  the  pulse  is  rectangular. 

We  have  already  proved  this  for  peak  pressures  in  the 

range  pg  <  p^  <  3pg  by  showing  that  the  beam  is  representable  by  a  mass 

and  a  constant  resisting  force  and  applying  the  theorem  of  Section  2.10.1. 

Whenever  p  >  3p  ,  deformation  starts  by  mechanism  2,  which,  as  described 
m  s 

in  Sections  2.4.2  and  2.5.2,  has  two  plastic  hinges  traveling  toward  each 

other  while  the  central  shortening  portion  of  beam  between  the  hinges 

undergoes  translatory  motion  according  to  the  equation  m6  =  p.  After  the 

hinges  meet  at  time  t  —  t^,  deformation  continues  by  mechanism  1  as 

described  in  Sections  2.4.1  and  2.5.1  until  motion  ceases  at  time  t  =  V 
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During  this  second  phase  of  deformation  the  equation  of  motion  is 
n6  =  3(p  -  pg)/2.  Although  the  representation  for  the  theorem  is  met  in 
each  of  the  two  phases,  they  differ  from  each  other  and  the  theorem  can¬ 
not  be  applied  directly. 

We  shall  use  (2.36)  and  (2.40)  for  the  times  t^  and 
t^  and  (2.38)  and  (2.41)  for  the  central  deflections  (see  Section  2.4.2), 
With  the  central  deflections,  impulses,  and  areas  under  the  impulse-time 
curves  at  times  t  and  t  denoted  by  6  ,  6  ,  1  ,  I  ,  A  ,  and  A 

1  &  1  £  1  4  1  * 

these  equations  give 


i 

f  (3A„ 

-  A, )/2  -  (31  t„ 

-It, )/ 4 

0  <  t 

2 

1  o  2 

o  1 

o 

"'-2  '  < 

(3A2 

-  Al)/2  -  (3Iot2 

-  IiV/4 

t  <  t 
1  < 

,(3A2 

-  Al)/2  -  (3I2t2 

-  >iV/4 

(2.86) 


where  tQ  is  the  pulse  duration.  In  the  first  two  expressions  of  (2.86) 

we  have  3t,  -  t„  =  I  /p  and  in  the  last  we  have  3t„  =  I,/p  and 
1  2  o  s  lip 

t„  =  I„/p  •  Whenever  the  pulse  ends  during  motion  by  mechanism  X,  i.e., 

o  <  tQ  <  tj,  the  central  displacement  and  velocity  according  to  (2.38) 

and  (2.39)  are  6,  =  A,/m  and  6,  =  I  /m.  Since  A,  is  a  maximum  for 
1  X  X  o  1 

a  rectangular  pulse  (see  proof  of  theorem  in  Section  2.10.1),  the  beam 

commences  mechanism  1  with  a  maximum  displacement  for  this  pulse  and  with 

the  same  velocity  as  all  other  pulses  having  t  <  t, .  Thus  the  rectan- 

gular  pulse  produces  the  maximum  final  central  deflection  whenever 

t  <  t,  . 
o  1 


Expressions  (2.86)  are  compared  with  the  expression 
for  a  rectangular  pulse,  which  is  embedded  in  the  first  of  (2.86),  by 
means  of  areas  in  the  impulse-time  planes  of  Fig.  2.22.  For  this  purpose 
it  is  convenient  to  rearrange  (2.86)  into  the  form 
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In  each  of  the  three  diagrams  the  straight  lines  OR,  OP, 

and  OF  are  the  same,  having  slopes  p^,  3pg,  and  Pg.  Line  OR  is  the 

path  taken  by  a  rectangular  pulse,  and  the  curve  OM  is  the  path  taken  by 

any  other  pulse  with  the  same  peak  pressure  p  and  impulse  I  .  Each 

in  o 

diagram  corresponds  to  one  case  of  (2.87).  Since  we  are  concerned  with 
blast  pulses  only,  the  peak  pressures  all  occur  at  t  =  0,  so  that  at  the 
origin  in  each  diagram  the  curve  OM  is  tangential  to  OR.  Apart  from  the 
case  of  a  rectangular  pulse,  the  curves  OM  all  lie  to  the  right  of  OR. 

By  algebraically  adding  the  areas  represented  by  the 
individual  terms  in  each  of  (2.87)  it  can  be  seen  that  the  sum  is  bounded 
by  the  triangle  ORF  plus  one-half  of  triangle  OPF,  which  corresponds  to 
a  rectangular  pulse.  Thus  the  rectangular  pulse  causes  the  greatest 
central  deflection. 

2.11  The  Pressure-Impulse  Diagram 

A  useful  method  of  describing  the  behavior  of  structures  subjected 

to  blast  pulses  is  to  construct  a  pressure-impulse  diagram.  For  all 

pulses  of  the  same  basic  shape  it  shows  how  the  peak  pressure  and  impulse 

must  be  varied  in  order  to  maintain  a  prescribed  permanent  deflection. 

The  ordinate  of  the  diagram  is  the  ratio  \  =  p  /p  of  the  peak  pressure 

ms' 

to  the  static  collapse  pressure  and  the  abscissa  is  the  ratio  J^/I^  of 
the  impulse  (total  area  under  pressure-time  curve)  to  the  ideal  impulse 
(zero  duration)  required  to  produce  the  same  permanent  deflection. 

Such  a  diagram,  applicable  to  both  simply  supported  and  clamped 

beams  subjected  to  uniformly  distributed  blast  pulses,  is  shown  in 

Fig.  2.23.  Each  curve  corresponds  to  a  fixed  pulse  shape  and  gives  the 

relationship  between  the  peak  pressure  and  impulse  required  to  keep  the 

central  deflection  at  some  prescribed  value.  The  curves  are  obtained  as 

2  2 

follows:  The  central  deflection  due  to  a  blast  pulse  is  6  =  (I  L  /mM  ) 

o  o  o 

v(X.),  where  v(\)  is  a  known  function  of  \,  and  the  central  deflection 

2  2 

due  to  an  ideal  impulse  is  6,  =  (I„L  /nW  )v(°°).  Since  I,  is  to  be  the 

x  l  o  1 

ideal  impulse  producing  the  same  deflection  as  each  pulse,  we  equate  6q 
and  6,  to  give  the  required  relationship,  I  /I,  =  ( v(”)/v(X.)j 1//2. 

1  O  J 
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FIG.  2.23  PRESSURE-IMPULSE  DIAGRAM 

FOR  PINNED  AND  CLAMPED  BEAMS 


K  j 

for  a  clamped  beam  subjected  to  a  rectangular  pulse  we  have  \ 


!3(X  -  1 )/16X 

(4X  ~  3)/24X 

and 

v(®)  =  1/6 


so  that 


1  i  ).  i  3 

X  2  3 


/ 8X/9(X  -  1) 
( 4X/(4X  -  3) 


1  S  X  £  3 

X  2  3 


Each  curve  has  the  asymptotes  Iq/I ^  =  1  and  X  =  1  correspond¬ 
ing  to  an  ideal  impulse  and  a  static  collapse  load.  Keeping  the  deflec-  \ 

tion  constant,  small  changes  in  iQ  cause  large  changes  in  X  near  the 


a 


,  < 
j 


i 


asymptote  I  /I  =  an<*  small  changes  in  X  cause  large  changes  in 

1  near  the  asymptote  \  =  1. 

It  is  interesting  that  a  rectangular  pulse  with  a  pressure 
greater  than  eight  times  the  static  collapse  pressure  (X  >  8)  requires 
less  than  a  5%  increase  in  impulse  over  an  ideal  impulse  to  provide  the 
same  permanent  central  deflection;  when  X  <  8  the  impulse  increments 
required  increase  rapidly  as  X  decreases.  The  triangular  and  exponen¬ 
tial  pulses  exhibit  a  similar  behavior. 

To  produce  the  same  deflection,  the  ratio  of  peak  pressures  of 
exponential  and  rectangular  pulses  with  the  same  impulses  is  less  than 

2  whenever  I^/I^  >  1.2;  for  pulses  with  the  same  peak  pressure  the  ratio 

of  impulses  is  less  than  1.25  whenever  X  >  3.5.  Comparing  exponential 

and  triangular  pulses  giving  the  same  deflection,  the  ratio  of  psak 

pressures  is  less  than  1.5  whenever  Iq/I^  >  1.2;  the  ratio  of  impulses 

is  less  than  1.2  whenever  \  >  3.5.  This  suggests  that  in  certain  ranges 

of  peak  pressure  and  impulse,  pulse  shape  has  a  secondary  effect  (X  >  3.5, 

1  /I,  >  1.2). 

o  1 

2 . 12  Response  of  Beams  to  Uniformly  Distributed  Impulses?  Comparison 

of  Theory  and  Experiment 

We  have  seen  that  the  use  of  rigid-plastic  theory  allows  a  simple 
solution  to  the  problem  of  finding  the  response  of  a  clamped  or  simply 
supported  beam  to  blast  loading.  Consequently  the  solution  could  possibly 
be  useful  and  convenient  for  engineering  applications.  Unfortunately 
there  are  no  experimental  results  with  which  to  compare  theoretical  pre¬ 
dictions  except  for  a  few  in  which  beams  are  subjected  to  extremely  short 
pulses  with  large  peak  pressures.  Hence  our  attempts  to  establish  the 
usefulness  of  the  rigid-plastic  theory  are  necessarily  confined  to  ideal 
impulses. 

The  rigid-plastic  theory  can  be  expected  to  provide  reasonable 
predictions  only  if  the  plastic  work  done  is  sufficiently  greater  than 
the  elastic  strain  energy  involved.  To  give  some  measure  of  this  we 
Introduce  R,  the  ratio  of  kinetic  energy  input  to  elastic  bending  strain 
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energy  capacity.  A  consequence  of  the  assumptions  of  rigid-plastic  theory 

is  that  the  kinetic  energy  input  equals  the  plastic  work  done  when  the 

applied  impulse  is  ideal.  If  I  and  m  are  the  impulse  and  mass  per 

2 

unit  length,  the  kinetic  energy  input  is  I  /2m.  If  the  maximum  elastic 

bending  moment  that  can  be  sustained  by  the  beam  cross  section  is  M^, 

the  bending  strain  energy  capacity  per  unit  length  is  M2/2D,  where  D 

2  2  6 

is  the  flexural  rigidity.  Hence  R  =  I  D/irM^. 

The  descriptions  and  results  of  the  experiments  which  follow  are 
for  pinned  and  clamped  beams,  each  of  which  is  subjected  to  an  impulse 
uniformly  distributed  over  its  entire  span.  By  comparing  experimental 
•  and  theoretical  permanent  central  deflections,  we  shall  see  that  the 
rigid-plastic  theory  gives  reasonable  predictions  whenever  R  is  greater 
than  about  2.  An  experiment  for  testing  the  assumed  mechanisms  of  defor¬ 
mation  is  described  and  discussed.  Because  the  theory  for  an  ideal  im¬ 
pulse  is  much  simpler  than  the  theory  in  Sections  2.4  and  2.5  for  general  ^ 

blast  pulses,  it  is  given  here  in  full  before  discussing  the  experiments. 

2.12.1  Theory  for  Pinned  Beams 

The  deformation  is  assumed  to  occur  in  two  phases.  In 
the  first,  a  plastic  hinge  originates  at  each  support  and  travels  toward 
midspan.  The  two  traveling  hinges  divide  the  beam  into  three  parts  which 
behave  as  rigid  bodies,  the  decreasing  center  part  undergoing  transletory 
motion  at  its  initial  velocity  until  the  hinges  meet  at  midspan  while  each 
outer  part  rotates  about  its  support.  In  the  second  phase,  »  stationary 
plastic  hinge  occupies  the  midspan  section  and  each  half-beam  rotates 
about  its  support  as  a  rigid  body  until  motion  ceases. 

The  mechanisms  of  deformation  are  those  called  mechanisms 
2  and  1  in  Section  2.5  for  the  treatment  of  the  response  of  pinned  beams 
to  uniformly  distributed  blast  loading.  There  it  was  shown  that  pulses 
with  peak  pressures  greater  than  three  times  the  static  collapse 

pressure  p  started  the  motion  by  mechanism  2  with  the  initial  position 

s  2  2  t 

of  each  traveling  hinge  given  by  x^CO/L  =  3/A.  where  \  =  Pm/Pg>  ' 

L  is  the  halfspan,  and  x,  (0),  the  initial  position,  is  measured  from 

h 

* 
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the  nearer  support.  In  the  limiting  process,  p  -»  «  or  X  -»  ra,  we 

in 

approach  an  ideal  impulse  and  we  have  x.  (0)  -*  0  so  that  our  assumption 

h 

of  a  traveling  hinge  originating  at  each  support  is  consistent  vith  the 
ideal  impulse  considered  as  the  limiting  case  of  a  blast  pulse. 

We  shall  now  derive  the  required  deformation  formulas. 

We  refer  to  Fig.  2.24  for  nomenclature  and  an  illustration  of  mechanism  2. 


L. i  Jl  i_t  i  W  Hf 

mrrm  m  2l  m tt 

(o)  simply- supported  beam 


H  * 

t 


(b)  MECHANISM  2 


(c)  MOMENTS 


6A-3670-ISB 

FIG.  2.24  SIMPLY  SUPPORTED  BEAMS  UNDER 
A  UNIFORMLY  DISTRIBUTED  IMPULSE 
(a)  Simply  supported  beam,  (b)  Mechanism  2, 
(c)  Moments 


The  equation  of  motion  of  the  rigid  portion  of  length  rotating  about 

the  support  with  an  angular  velocity  u)  is 

q 

mx£  i/3  =  -Mq  (2.88) 

where  Mq  is  the  fully  plastic  moment.  Note  that  in  order  not  to  violate 
the  yield  condition  ( |H|  £  Mq)  there  is  no  shear  force  (dM/dx  =  0)  at  the 
moving  hinge  (see  Section  2.4). 
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The  portion  between  moving  hinges  is  undergoing  trans- 
latory  motion  at  a  velocity  V  =  1/m.  At  the  hinge,  continuity  of 
velocity  requires 


uux.  =  V  =  1/m 
n 


(2.89) 


Eliminating  oj  from  (2.88)  and  (2.89)  leads  to  the 
following  simple  differential  equation  for  the  hinge  location: 


( x  )  =  6M  /I 

h  o 


(2. aO) 


which,  with  the  initial  condition  x.  (0)  =  0,  integrates  readily  to  give 

n 


*h  =  6Mot/X 


(2.91) 


Phase  1  er.ds  when  x,  =  L  which,  according  to  (2.91), 

2  h 

occurs  at  t,  =  IL  /6M  .  Each  element  of  the  half-beam  at  time  t,  has 
1  o  1 

undergone  a  rotation 


1  T  /•  dxh 

/^t- 


(2.92) 


x  h  h 


where  t  is  the  time  when  the  hinge  arrives  at  section  x  (the  second 
integral  indicates  how  the  evaluation  may  readily  be  performed).  The  use 
of  (2.90)  in  the  second  integral  of  (2.92)  gives 


9(x,t  )  =  (I  /3mM  )(L  -  x) 
1  o 


(2.93) 


With  the  approximation  0  =  dy/dx  the  shape  of  the  beam  at  time  t^  is 


y(x,t1)  =  (I  / 6mMQ ) ( 2L  -  x)  x 


(2.94) 


Motion  is  now  completed  by  mechanism  1  (Fig.  2.25) 


according  to  the  equation 


mL  u/3  =  -M 


(2.95) 
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FIG.  2.25  MECHANISM  1 


At  time  t^  the  angular  velocity 
has  the  value  x(tj)  =  V/I.  -  I/mL 
- t  and  if  t„  is  the  time  when 

I  2 

|  motion  ceases,  x(t2)  =  Hence> 

|  by  integrating  (2.95),  we  find 

— J  \u  that  t„  =  IL^/2M  =  3t,  .  During 

0i Jvo  2  o  1 

oa- J570  206  this  phase  of  the  notion  all  ele¬ 

ments  of  each  half-beam  undergo 
I 

the  same  rotation 


8(x,t2>  -  9(x, t 


"2  ,3  ' 

-*■  k  / 


xdix  =  I  L/6mM 


(2.96) 


By  combining  (2.93)  and  (2.96),  we  obtain  for  the  final  rotations 


9(x,t2)  =  (I  /6n*$o)(3L  -  2x) 


(2.97) 


and  by  introducing  the  approximation  dy/dx  =  0  and  integrating,  we 
obtain  for  the  final  shape  of  the  half-beam 


y(x,t  )  =  (I  /6mM  )(3L  -  x)  x 
Zt  o 


(2.98) 


Thus,  the  final  shape  cf  the  entire  beam  consists  of  two  parabolic  arcs 
intersecting  at  a  finite  slope  at  the  center  x  =  L.  Prom  (2.97)  and 
(2.98)  the  slope  9  =  9(o,t2)  at  the  support  and  the  central  deflection 
6  =  y(L,t2>  are 


0=1  L/2mM 


(2.99) 


2  2 

6  =  I  L  /3nAI 


(2.100) 


Formulas  (2.98),  (2.99),  and  (SJ. 100)  will  be  used  for  comparison  with 
experimental  results. 
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2.12.2  Theory  for  Clamped  Beams 

The  results  for  clamped  beams  can  be  written  directly 
from  (2.98),  (2.99),  and  (2.100)  merely  by  replacing  Mq  by  2Mo.  This 
is  because  clamping  the  supports  introduces  there  fully  plastic  moments, 
which  double  the  resisting  moments  acting  on  the  rotating  parts  of  the 
beam.  Thus  the  plastic  hinge  location  in  phase  1,  the  final  beam  shape, 
the  slope  at  the  support,  and  the  deflection  at  the  center  are  given  by 


x  =  12M  t/I 
h  o 


(2.101) 


y(x,t0)  =  (I  /12nM  )(3L  -  x)  x 
i  o 


(2.102) 


0  =  1  L/4mM 


(2.103) 


6  =  I2L2/6mM 


(2.104) 


2.12.3  Description  of  Experiments 

The  experiments  were  performed  with  beams  of  2024-T4 
aluminum,  6061-T6  aluminum,  1018  cold-rolled  steel,  and  annealed  1018 
steel.  They  were  nominally  1-inch  wide  end  1/4-inch  deep  with  spans  of 
18  inches.  Figure  2.26  shows  the  experimental  arrangement  for  pinned 
beams.  It  shows  in  particular  two  different  ways  of  providing  binned 
ends.  For  the  steel  beams  1/4-inch-diameter  steel  pins  were  required 
to  withstand  the  shearing  forces;  the  pins  were  supported  by  steel 
hearing  blocks  to  reduce  the  contact  pressure  on  the  sliding  surface. 

For  the  aluminum  beams  1/8-inch-diameter  steel  pins  through  the  ends  of 
the  beams  were  strong  enough.  The  span  of  the  pinned  beams  decreased 
during  initial  deformation.  End  conditions  for  clamped  beams  were  pro¬ 
vided  by  placing  each  end  in  a  close-fitting  tunnel  eo  that  during  defor¬ 
mation  the  material  flowed  into  the  span  which  was  maintained  constant 
while  end  rotation  was  prevented. 
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ALUMINUM  BEAM 


FIG.  2.26  EXPERIMENTAL  ARRANGEMENT 


The  impulse  was  generated  by  sheet  explosive  in  the 

form  of  a  1/2-inch-wide  strip  placed  centrally  over  a  1-ineh-wide  by 

1/8-inch- thick  solid  neoprene  attenuator  laid  on  the  beam  as  shown  in 

Fig.  2.26.  The  attenuator  is  a  convenient  minimum  required  to  prevent 

spalling  of  the  beams.  A  five-grain  mild  detonating  fuze  was  used  to 

detonate  the  explosive  at  the  center  of  the  beam.  Central  initiation 

is  preferred  to  end  initiation,  because  the  initial  transverse  velocity 

distribution  imparted  to  the  beam  is  more  uniform  and  the  delivery  time 

10 

of  the  impulse  is  halved.  For  a  half span  of  9  inches,  the  total  deto¬ 
nation  time  is  about  32  H-sec.  That  the  imparted  velocity  is  uniformly 
distributed  along  the  beam  is  primarily  due  to  the  detonation  velocity 
of  the  explosive  (0.28  ineh/Psec)  being  sufficiently  supersonic  relative 
to  the  maximum  wave  velocity  (0.2  inch/Psec). 

For  the  explosive-attenuator-target  configuration  Just 
described,  the  Initial  velocities  of  four  aluminum  and  four  steel  beams 
were  obtained  by  means  of  a  rotating  mirror  streak  camera  trained  on  the 


center  of  each  beam.  From  these  experiments  it  was  found  that  for  each 

beam  material  the  impulse  imparted  to  the  beam  was  proportional  to  the 

explosive  thickness  in  the  range  of  interest.  A  common  parameter  for 

describing  the  calibration  of  sheet  explosive  for  an  explosive-attenuator- 

3 

target  configuration  is  the  impulse  I  per  unit  volume  (dyne-sec/cm  ) 

o 

of  explosive.  I  is  often  a  constant  over  a  wide  range  of  explosive 
thickness  as  it  was  found  to  be  in  the  above  calibration  experiments. 

Once  I  is  known,  the  impulse  I  per  unit  length  of  beam  is  simply 
calculated  from  the  product  of  1^,  the  explosive  thickness,  and  the 
explosive  width.  Two  values  of  I  are  listed  in  Table  2.1,  one  value 
for  the  aluminum  beams  and  the  other  for  the  steel  beams. 


T»ble  2.1 
BEAU  PROPERTIES 


Material 

E 

fpfti  ) 

C 

o 

Ub/ln. ) 

(lb  sec2/ln.4) 

— 

b 

(inch) 

d 

(inch) 

L 

(inches) 

l 

°  3 
(dyne-*ec/c»  ) 

A1  2024-T4 

10  x  10® 

52,000 

0.  000258 

1.0 

0.251 

9.0 

2.9  i  10^ 

A 1  6061-T6 

io  x  icr 

40, 000 

0.000233 

1.0 

0.245 

9.0 

2.9  x  10 

CR  1018  steel 

30  x  10® 

84,000 

0.000732 

1.0 

0.248 

9.0 

3.25  x  19* 

Annealed  1018  steel 

30  x  10° 

43,000 

_ _ 

0. 000732 

10 

0.248 

9.0 

3.25  x  10P 

A  high- impulse  test  (experiment  CA2)  was  performed  to 
see  if  longitudinal  extension  occurred  and  so  to  assess  the  effects  of 
unavoidable  frictional  forces  at  the  supports.  The  beam  was  suitably 
scribed  on  Its  side,  and  measurements  before  and  after  deformation  were 
compared.  No  permanent  extension  of  the  neutral  surface  was  observed. 
This  technique  was  also  used  to  find  the  strain  of  the  outer  fibers  at 
midspan  and  resulted  in  a  value  of  4%. 

Several  of  the  experiments  were  photographed  with  a 
Beckman  and  Whitley  (Model  189)  framing  camera  to  provide  a  qualitative 
justification  of  the  mechanisms  assumed  in  the  rigid-plastic  theory. 
Figure  2.27  is  a  photograph  of  experiment  with  frames  at  83.3  M-sec 
intervals  (only  alternate  frames  are  shown).  The  observed  deformation 
follows  the  assumed  mechanisms;  the  plastic  hinge  velocity  obtained 
from  these  photographs  is  later  compared  with  the  velocity  predicted  by 
the  rigid-plastic  theory. 
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FIG.  2.27  FRAMING  CAMERA  RECORD  FOR  EXPERIMENT  CA3  j 

! 

I 

Almost  all  of  the  observations  are  terminal  and  consist  j 

of  the  central  deflection,  the  maximum  slope,  and,  in  some  cases,  the 
entire  deformed  shape  of  the  beam. 
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2.12.4  Experimental  Results  and  Observations 

Table  2.1  shows  the  beam  materials  and  properties 

along  with  the  impulse  constants  I  obtained  from  the  calibration 

o 

experiments.  The  yield  stress  is  the  average  from  tensile  tests. 

Instead  of  the  conventional  yield  stress,  we  use  here  the  stress  at  the 
point  of  intersection  of  a  bilinear  fit  of  that  part  of  a  stress-strain 
curve  up  to  4%  strain.  Tables  2.2  and  2.3  give  the  experimental  and 
theoretical  results  for  pinned  and  clamped  beams. 


EXPERIMENTAL  AND  THEORETICAL  RESULTS  FOR  PiyWED  BEAUS 
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Table  2.3 


EXPERIMENTAL  AND  THEORETICAL  RESULTS  FOR  CLAMPED  BLAUS 


Experiment 

No. 

I 

(lb. sec -in.  *) 

R 

b  /L 

ex 

'ex 

t  /L 

th 

"th 

ex/  'th 

ex  th 

CA  1 

0.146 

6.469 

0.4S3 

0.  567 

0.603 

0.905 

0.752 

0.627 

2 

0.146 

6.437 

0.433 

0.  510 

0.600 

0.900 

0.722 

C.  567 

3 

0. 146 

6.412 

0.466 

0.530 

0.  598 

0.897 

0.779 

0.591 

4 

0.  144 

6.236 

0.409 

0.490 

U.  581 

0.872 

0.703 

0.562 

5 

0.  143 

6.191 

0.462 

0.  509 

0.577 

0.866 

0.801 

0.588 

6 

0.141 

6.018 

0.433 

0.529 

0.561 

0.842 

0.772 

0.629 

7 

0.129 

5.002 

0.  280 

0.334 

0,466 

0.699 

0.600 

0.478 

8 

0.128 

4.964 

0.304 

0.362 

0.463 

0.694 

0.658 

0.522 

9 

0.101 

3.060 

0.204 

0.247 

0.285 

0.428 

0.717 

0.577 

10 

0.101 

3.057 

0.183 

0.221 

0.285 

0.427 

0.643 

0.517 

11 

0.100 

3.004 

0.  176 

0.217 

0.280 

0.420 

0.627 

0.517 

12 

0.OM9 

2.386 

0.  161 

0.  194 

0.223 

0.334 

0.724 

0.581 

13 

0.074 

1.666 

Q.OftT 

0.112 

0.155 

0.233 

0.558 

0.481 

14 

0.072 

1.572 

0. 080 

0.  093 

0.147 

0.220 

0.546 

0.423 

15 

0.058 

1.014 

0.049 

0.057 

0.095 

0.142 

0.517 

0.402 

CS  1 

0.221 

G.  216 

0.231 

0.2/1 

0.317 

0.476 

0,  729 

0.570 

2 

0.220 

G.  154 

0.  230 

0.270 

0.314 

0.471 

0.733 

0.573 

3 

0.198 

4.997 

0.  178 

0.206 

0.255 

0.382 

0.697 

0.539 

4 

0.196 

4.895 

0.  187 

0.226 

0.250 

0.375 

0 . 74fi 

0.603 

3 

0.16G 

3.519 

0.124 

0.146 

0.180 

0.269 

0.693 

0.542 

6 

0.165 

3.461 

0.  130 

0.152 

0.  177 

0.265 

0.736 

0.574 

7 

0.115 

1.695 

0.050 

0.  059 

0.086 

0.130 

0.578 

0.455 

8 

0.114 

1.663 

0.051 

O.OfiQ 

0.085 

0.127 

0.602 

0.472 

9 

0.071 

0.638 

0.017 

O.Olfi 

0.  033 

0.049 

0.512 

0.3G8 

CA  =  clumped  2024-T4  aluminum 
CS  -  clasped  cold-rolled  1018  steel 


* 

i- 

l 

I 
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The  subscripts  "ex"  and  "th"  stand  for  experimental  and  theoretical 
respectively.  Symbols  6  and  0  represent  permanent  central  deflec¬ 
tions  and  slopes  at  or  near  the  supports.  For  the  pinned  beams  in 
Table  2.2,  the  theoretical  values  are  obtained  from  formulas  (2.99)  and 
(2.100);  those  for  the  clamped  beams  in  Table  2.3  are  obtained  from 
formulas  (2.103)  and  (2.104).  Table  2.4  contains  the  averages  of  the 

deflection  ratios  6  /5^,  and  the  slope  ratios  0  /Q..  for  all  cases 

ex  th  r  ex  Jth 

of  the  series  PA,  PS,  PSA,  CA,  and  CS  in  which  R  >  2,  where  R  =  I  D/m 

e 

is  the  ratio  of  the  kinetic  energy  input  to  the  elastic  strain  energy 
capacity. 

The  central  deflection  results  in  Tables  2.2  and  2.3 

are  plotted  in  Figs.  2.28  and  2.29.  Several  of  the  beams  were  measured 

* 

along  their  entire  lengths,  and  the  resulting  proxies  are  shown  in 
Figs.  2,30  through  2.33  along  with  the  theoretical  shapes  as  predicted 
by  either  (2.98)  or  (2.102). 
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Table  2.4 


AVERAGE  DEFLECTION  AND 
SLOPE  RATIOS  (R  >  2) 


Experiment 

No. 

6 

ex  th 

9e*/6th 

PA  1-10 

0.673 

0.  59  j. 

PS  1-15 

0.693 

0.593 

PSA  1-5 

0.770 

0.653 

CA  1-1C 

0.716 

0.563 

CS  1-6 

0.723 

0.567 

&A-S7JS-60 


FIG.  2.28  THEORETICAL  AND  EXPERIMENTAL  CENTRAL 
DEFLECTIONS  FOR  PINNED  BEAMS 


FIG.  2.29  THEORETICAL  AND  EXPERIMENTAL  CENTRAL 
DEFLECTIONS  FOR  CLAMPED  BEAMS 


GA-5715-62 


FIG.  Z30  THEORETICAL  AND  EXPERIMENTAL  SHAPES 
FOR  PINNED  BEAMS  OF  2024-T4  ALUMINUM 


FIG.  2.31  THEORETICAL  AND  EXPERIMENTAL  .SHAPES 
FOR  PINNED  BEAMS  OF  C.R.  1018  STEEL 


FIG.  132  THEORETICAL  AND  EXPERIMENTAL  SHAPES 
FOR  CLAMPED  BEAMS  OF  2024-T4  ALUMINUM 
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FIG.  2.33  THEORETICAL  AND  EXPERIMENTAL  SHAPES 
FOR  CLAMPED  BEAMS  OF  C.R.  1018  STEEL 


From  the  results  in  Tables  2.2  and  2.3  (and  Figs.  2.28 
and  2.29),  it  is  clear  that  the  central  deflection  or  support  slope 
predictions  are  good  for  engineering  applications.  In  the  present  series 
of  experiments  no  significant  improvement  of  correlation  occurs  as  R 
is  increased  beyond  2.  Table  2.4  shows  that  for  the  PA,  PS,  PSA,  CA, 
and  CS  series  the  average  deflection  ratios  lie  between  0.67  and  0.77 
and  the  average  slope  ratios  are  between  0.56  and  0.66. 

From  the  deformed  shapes  shown  in  Figs.  2.30  through 
2.33  we  make  the  following  observations. 

1.  Except  in  the  central  region,  the  experimental 
curvature  appears  to  be  smaller  than  the  theoretical  curvature,  especially 
for  the  pinned  steel  (PS)  beams  in  Fig.  2.31.  This  indicates  that  the 
traveling  hinge  model  of  mechanism  2  overestimates  curvature;  this  could 
be  attributed  to  elastic  effects  and,  in  the  case  of  cold-rolled  steel, 
to  strain-rate  effects.  At  the  center,  the  deformation  by  mechanism  1 
predicts  a  slope  discontinuity  because  of  the  ideal  nature  of  a  stationary 
plastic  hinge;  a  continuous  slope  at  the  center  would  be  provided  by  in¬ 
cluding  elastic  effects,  the  knee  of  the  stress-strain  curve  in  the  case 
of  the  aluminum,  and  strain-rate  or  strain-hardening  effects. 
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2. 


The  theoretically  predicted  curvature  of  the  clamped 
2 

beams  is  *  =  y  =  -  I  /6mM  ,  which  is  a  constant,  whereas  the  shapes 

J  XX  o  1 

in  Fig.  2.32  and  2.33  exhibit  reverse  curvatures  adjacent  to  the  support. 
This  criticism  of  the  theory  is  not  entirely  valid,  because  experimental 
design  difficulties  prevent  a  true  comparison;  keeping  the  span  constant 
requires  that  beam  material  be  fed  into  the  span  region,  thereby  spread¬ 
ing  the  stationary  hinge  at  the  support  over  a  finite  length  of  beam. 

(An  experiment  providing  clamping  against  rotation  but  allowing  the  span 
to  shorten  as  in  the  case  of  the  pinned  beam  experiments  introduces 
longitudinal  inertial  forces.) 

We  have  already  mentioned  that  Fig.  2.27  provides  a 
qualitative  justification  of  the  mechanisms  assumed  in  the  rigid-plastic 
theory.  However,  it  does  illustrate  that  elastic  modes  of  vibration 
can  interfer  with  the  smooth  action  of  the  mechanisms.  This  effect  can 
be  seen  by  constructing  from  the  framing  camera  record  of  Fig.  2.27  an 
x-t  plot  of  the  traveling  hinge.  This  is  shown  in  Fig.  2.34.  A  smooth 
curve  could  be  obtained  for  5  inches  of  the  9-inch  half-span  due  to  the 
interaction  with  the  elastic  mode.  The  effect  was  to  arrest  the  progress 
of  the  hinge  for  about  100  M-sec  after  which  the  mechanisms  continued  to 
operate.  The  half  amplitude  of  the  vibration  was  comparable  to  the  beam 
depth. 


Returning  to  Fig.  2.34,  the  theoretical  x-t  plot  from 
1/2 

x^  =  ( 12MQt/I ^ )'  is  shown  for  comparison  with  the  experimental  x-t 

plot.  Except  during  initial  motion,  when  the  theory  exhibits  the  singu- 
.  -1/2 

lar  behavior  x.  —  t  ,  the  actual  hinge  velocity  is  greater  than 
□ 

predicted.  However,  the  trends  are  similar  and,  except  for  the  inter¬ 
action  mentioned  above,  do  give  confidence  in  the  use  of  the  rigid- 
plastic  model  and  its  mechanisms. 
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FIG.  2.34  THEORETICAL  AND  EXPERIMENTAL 
x-t  PLOTS  OF  TRAVELING  HINGE 
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CHAPTER  3 


RIGID-PLASTIC  CIRCULAR  VTES 
by 

A.  L.  Florence 


3.1  Introduction 

In  the  introduction  to  Chapter  2  we  stated  that  it  is  difficult 
to  find  the  response  of  a  beam  to  a  suddenly  applied  load  which  is  large 
enough  to  cause  plastic  deformation  even  when  geometry  changes  are  neg¬ 
lected.  This  is  true  a  fortiori  for  circular  plates  even  under  axisym- 
metric  conditions.  Not  only  is  the  stress-strain  state  nonlinear,  it  is 
also  biaxial. 

In  order  to  render  plate  problems  tractable  to  analysis,  an 
idealization  of  the  stress-strain  relationship  similar  to  that  in  beam 
analysis  was  introduced  by  Hopkins  and  Prager.1  For  appropriate  materials 
(e.g.,  aluminum  alloys  and  steels)  it  is  assumed  that  the  material  re¬ 
mains  rigid  until  a  yield  condition  is  satisfied,  and  only  when  it  is 
satisfied  is  plastic  deformation  possible;  such  a  material  is  called  a 

rigid-perfectly  plastic  material.  With  this  idealization  Hopkins  and 

1  2 
Prager  found  the  static  collapse  loads  of  circular  plates.  Later 

they  developed  the  dynamical  theory  of  rigid-perfectly  plastic  circular 

plates  and  found  the  response  of  a  simply  supported  circular  plate  to  a 

uniformly  distributed  rectangular  load  pulse. 

Throughout  this  chapter  the  treatment  is  restricted  to  circular 
plates  of  material  insensitive  to  strain  rate.  Membrane  forces  are 
neglected,  and  the  yield  condition  which  is  expressed  in  terms  of  bending 
moments  is  that  of  Tresca.  Problems  related  to  those  treated  in  this 
chapter  can  be  found  in  Refs.  3  through  8. 

Section  3.2  discusses  the  Tresca  yield  condition  and  associated 
flow  law,  A  development  of  the  dynamical  theory  of  rigid-plastic  plates 
is  contained  in  Sections  3.3  and  3.4  covering  such  topics  as  plastic 
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’■ogimes,  hinge  circles,  continuity  requirements  at  regime  boundaries, 
equilibrium  equations,  and  the  analytical  approach. 

Sections  3.5  and  3.6  are  devoted  to  finding  the  static  collapse 

9  10 

pressures  of  simply  supported  and  clamped  plates.  ’ 

In  Section  3.7  the  relationship  among  central  deflection, 
pressure,  and  impulse  (area  under  pressure-time  curve)  is  found  for 
uniformly  distributed  rectangular  pulses  acting  on  simply  supported 
circular  plates.1  Finally,  a  similar  relationship  is  found  in  Section  3.8 
for  clamped  circular  plates.11 

3.2  Tresca  yield  Condition  and  Flow  Rule 


We  are  now  concerned  with  circular  plates  under  axi symmetric 


a  in  the  radial,  cir- 
z 


loads,  so  the  stress  components  c?  ,  c  ,  and 

r  9 

cumferential,  and  axial  directions  in  the  cylindrical  coordinate  system 

(r,  0,  z)  are  the  principal  stresses.  The  plate  is  assumed  to  be  thin 

enough  to  allow  the  usual  assumption  that  the  stress  normal  to  the 

middle  plane  is  negligible.  Accordingly,  we  shall  assume  a  =  0. 

2 


In  a  simple  uniaxial  tensile  test  on  an  elastic-perf ectly 

plastic  material, plastic  deformation  can  occur  only  when  the  yield 

stress  ao  is  reached.  Similarly,  in  a  biaxial  state  of  stress, 

plastic  deformation  is  possible  only  if  a  certain  yield  condition  is 

fulfilled.  The  two  most  common  yield  conditions  are  those  of  von  Mises 
* 

and  Tresca  which,  ir.  terms  of  ar  and  0g,  can  be  written  as 


and 


°r2  "  arae  +  C(J2  =  °o  (3,1) 

max  (  |ar|  ,  |a0|  ,  |  CTr  -  O0|  )  =  0o  (3.2) 


where  again  cq  is  the  yield  stress  obtained  from  a  uniaxial  tensile 
test.  The  yield  stress  o is  regarded  throughout  as  a  positive  quantity. 

* 

See  Ref.  9  for  a  more  complete  discussion  of  these  yield  conditions. 


92 


The  conditions  (3.1)  and  (3.2)  can  be  looked  upon  as  equations  of  an 
ellipse  and  a  hexagon  when  plotted  in  two-dimensional  stress  space  as 
shown  in  Fig,  3.1. 


FIG.  3.1  von  MISES  YIELD  ELLIPSE 

AND  TRESCA  YIELD  HEXAGON 


From  this  point  on  we  shall  confine  our  attention  to  rigid- 
perfectly  plastic  materials  (which,  for  brevity,  we  shall  call  rigid- 
plastic)  obeying  the  Tresca  yield  condition.  For  stress  states  within 
the  hexagon  of  Fig.  3.1  the  material  is  rigid;  plastic  deformation  is 
possible  only  when  the  stress  state  lies  on  the  hexagon.  Stress  states 
outside  the  hexagon  do  not  exist.  Note  that  since  we  have  restricted 
ourselves  to  rigid-plastic  materials  the  yield  hexagon  retains  its  size, 
shape,  and  position  throughout  deformation. 

The  flow  i-ule  states  that  the  strain-rate  vector  (e  ,  en)  is  an 

r  0 

outward  normal  to  the  yield  hexagon  when  drawn  in  a  strain-rate  space 

superposed  on  the  stress  space  of  a  and  a  .  (e  and  g  axes  super- 

r  0  r  g 

posed  in  the  same  sense  on  the  a  and  oa  axes,  respectively.)  The 

r  u 

vector  is  drawn  from  the  point  on  the  yield  hexagon  describing  the  ex¬ 
isting  stress  state.  By  way  of  illustration,  we  see  that  along  the  sides 
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FA,  AB,  and  BC,  the  strain-rate  vectors  are  (e  ,  o),  (o,  k  ).  and 

r 

(e  i  e^),  and  (eri  ^6^’  “^r  =  ^9  in  t*ie  ^as*'  a  corller<  the 

strain-rate  vector  can  take  on  any  direction  between  the  outward  normals 
of  the  two  sides  forming  the  corner.  Note  that  the  flow  rule  is  con¬ 
cerned  only  with  the  ratio  of  e  and  and  alone  says  nothing  about 

r  o 

magnitudes. 


Figure  3.2  shows  a  plate  element  and  serves  to  establish  the 


FIG.  3.2  PLATE  ELEMENT  —  NOTATION 


sign  convention  adopted  for  the 
bending  moments  and  and 

for  the  shear  force  Q.  Positive 
deflections  w(r,  t)  are  taken 
in  the  direction  of  the  positive 
z  axis  (downward)  so  that  positive 
moments  cause  tension  below  the  mid- 
plane  and  compression  above  the  mid¬ 
plane.  Thus  the  moments  per  unit 
arc  length  of  a  plate  of  thickness 
h  are 

h/2  h/2 

Mr  -  f  a>dz  M9  =  f  aeadz 
-h/2  -h/2 

(3.3) 


It  will  now  be  shown  that  whenever  plastic  bending  is  possible  these 

moments  take  on  particularly  simple  forms  which  allow  the  Tresca  yield 

hexagon  in  stress  space  to  be  transformed  into  a  hexagon  in  moment 

space.  Also,  the  flow  rule  stating  the  normality  of  the  strain-rate 

vector  (6  ,  en)  to  the  stress  hexagon  transforms  to  the  flow  rule 
r  0 

stating  the  normality  of  the  curvature-rate  vector  (*r,  Hfl>  to  the 
moment  hexagon. 


We  shall  now  make  use  of  a  second  assumption  of  plate  theory; 
plate  elements  normal  to  the  midsurface  remain  normal  during  deformation. 
The  kinematic  consequence  of  this  assumption  is  that  er  =  zxr  ^d 

e  =  zx and  hence 

9  9 


p  /i  =  v  /v  ,  where,  in  terms  of  the  transverse 

er0  r  9 
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vJ* 


curvature  rates  are 

_  _  1  8v 
*9  “  r  ar 

Since  the  ratio  e  /e  is  independent  of  z,  the  strain-rate  vector  has 

r  b 

the  sane  slope  for  each  level  z  in  the  element,  but  the  direction  of 
the  vector  above  the  midsurface  is  opposite  that  below  the  midsurface. 
For  a  von  Mises  yield  ellipse  the  slope  and  direction  of  the  strain- 
rate  vector  as  an  outward  normal  uniquely  determines  the  stress  distri¬ 
bution  on  the  sides  of  the  plate  element.  For  a  Tresca  yield  hexagon 
a  unique  stress  distribution  can  be  justified  if  we  regard  each  straight 
side  of  the  hexagon  as  the  limit  of  a  curve.  Figure  3.3  shows  a  stress 
distribution  for  a  stress  state  on  side  AB  of  the  hexagon  in  Fig.  3.1. 


velocity  v  =  Qw/^t,  the  principal 


ofv 

Kr  2 

3r 


MITH-71 


FIG.  3.3  STRESS  DISTRIBUTION  ON  PLATE  ELEMENT 
(Shown  for  stress  point  on  AB  of  Fig,  3,1  — 
note  that  ^  »  0) 


We  have  shown  then  that 
half  of  a  plate  element, 
they  are  constant  on  the 


a  and  o  ,  acting  on  the  sides  of  the  upper 
r  y 

are  constant  (independent  of  z),  and  similarly, 
lower  half  but  opposite  in  sign.  This  simple 


♦ 
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stress  distribution  substituted  into  (3.3)  for  the  bending  moments 
gi  ves 


2  2 

M  =  a  h  /4  M  =  a.h  / 4  (3.4) 

r  r  0  9 

Thus,  in  terms  of  the  moments,  the  Tresca  yield  condition 

becomes 


®ax  (|Mrj  ,  | MQ  |  ,  |Mr  -  M0j  )  =  Mq 

2 

where  =  0Qh  /4  is  the  fully  plastic  moment  per  unit  length. 

Furthermore,  with  the  ^ow  states  that  the  curvature- 

rate  vector  (h  ,  i  )  is  normal  to  the  moment  hexagon  when  the  n.  >  #u 
r  0  r  0 

plane  is  superposed  on  the  M  ,  M  plane.  The  integrated  or  plate  form 

r  0 

of  the  Tresca  yield  condition  and  associated  flow  lav;  shown  in  Fig.  3.4 
is  the  form  we  shall  use  in  solving  rigid-plastic  plate  problems. 


FIG.  3.4  TRESCA  YIELD  HEXAGON  FOR  A  PLATE 
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3.3 


Plastic  Regimes,  Hinge  Circles,  and  Continuity  Requirements 


3.3.1  Plastic  Regimes 

By  a  plastic  regime  we  mean  the  plastic  bending  moments 
M  and  Mq  together  with  the  curvature  rates  k  and  associated 

r  c  r  0 

with  a  corner  or  a  side  of  the  Tresca  yield  hexagon  (Fig.  3.4).  During 
plastic  deformation  due  to  axisymmetric  loading,  a  circular  plate  is 
generally  divided  into  a  central  region  and  one  or  more  annular  regions, 
each  with  a  certain  plastic  regime.  In  dynamics  problems  the  circles 
separating  the  regimes  can  have  radii  which  are  functions  of  time,  and 
even  the  numer  of  regimes  can  vary.  Let  us  first  look  at  the  regimes 
in  Fig.  3.4  to  see  what  can  readily  be  deduced  to  assist  in  the  solution 
of  plate  problems. 

It  is  sufficient  to  consider  the  regimes  FA,  A,  AB,  B, 
BC,  and  C  forming  One-half  of  the  perimeter  of  the  hexagon  in  Fig.  3.4, 
From  the  Tresca  yield  condition,  the  flow  rule,  and  the  curvature-rate 
formulas 

52y  .  1  dv 

Kr  “  "  ^  2  “  r 

a? 

the  results  of  Table  3.1  are  readily  deduced.  For  brevity,  a  subscript 
r  is  attached  to  the  velocity  v  to  denote  partial  differentiation. 

The  quantities  a  and  b  signify  functions  of  time.  It  can  be  seen 
that  for  the  regimes  FA,  AB,  and  BC  the  r-dependency  of  the  velocity 
fields  has  been  obtained. 


Table  3.1 

TRESCA  PLASTIC  REGIMES 
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3.3.2 


Hinge  Circles 


If  during  deformation  of  a  circular  plate  there  is  a 

circle  C  across  which  the  curvature  rate  x  and  hence  dv/gr  is 

r 

discontinuous,  C  is  called  a  "hinge  circle;"  it  corresponds  to  a  plastic 

hinge  in  c  rigid-plastic  beam  and,  like  a  plastic  hinge,  need  not  be 

stationary.  Like  the  plastic  hinge,  the  hinge  circle  may  be  regarded  as 

the  limiting  case  of  bending  as  en  elastic-plastic  material  tends  to  a 

rigid-plastic  material  (see  Section  2.2).  At  the  hinge  circle  the 

curvature  rate  xr  is  infinite  in  the  limit  and,  if  the  hinge  circle  is 

stationary,  the  curvature  x  is  also  infinite  in  the  limit  (and  the 

r 

curvature  and  slope  are  discontinuous  across  C).  Referring  to  Fig.  3.4 
or  Table  3.1,  the  plastic  regimes  at  hinge  circles  can  be  FA,  A,  and  C 
on  the  half  of  the  hexagon  under  consideration,  because  an  infinite  ratio 
Hj/Xq  is  possible  in  these  regimes. 

3.3.3  Continuity  Requirements 

In  order  to  discuss  the  continuity  requirements  at  a 
hinge  circle,  we  shall  treat  a  specific  case  which  arises  when  a  simply 
supported  circular  plate  is  subjected  to  a  blast  pulse  with  a  sufficiently 
high  peak  pressure,  or  to  an  impulse  uniformly  distributed  over  the  whole 
plate  area.  This  should  assist  the  physical  interpretation  of  the  results. 
A  more  general  treatment  is  given  by  Hopkins  and  Prager,2 

Consider  then  Fig.  3.5,  which  shows  a  plate  radius  at 

an  instant  early  in  a  plastic  deformation  process  according  to  the 

assumed  plastic  regimes  indicated  (see  Fig.  3.4  for  the  plastic  regimes 

of  the  Tresca  hexagon).  A  moving  plastic  hinge  circle  with  a  regime  A 

exists  at  a  radius  r  =  r^(t)  which  is  assumed  to  be  decreasing.  The 

situation  is  similar  to  the  corresponding  clamped  beam  mechanism  2 

treated  in  Section  2.4.2.  The  central  circular  area  0  S  r  s  r.  (t)  is 

h 

undergoing  translatory  motion  at  a  velocity  V(t)  while  the  elemental 
section  in  r^(t )  s.  r  £  a  is  undergoing  rotatory  motion  about  the 
support  at  an  angular  velocity  uu(t).  The  deformed  portion  of  the  radius 
outside  the  hinge  circle  does  not  deform  further  because  the  plastic 
regime  AB  requires  y  =■  0. 
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FIG.  3.5  SIMPLY  SUPPORTED  PLATE  — 
DEFORMATION  AND  PLASTIC 
REGIMES 


The  displacement  is  continuous  arid  is  given  by 


/\dt 


0  Sr  sr.(t) 
n 


w(r,  t)  = 


/vdt  -  /e<  r,  t)dr 


(3.5) 


rh(t)  S  r  <  a 


rh(t) 


in  which  0(r,  t)  =  Bw/Br  is  the  slope  or  rotation  of  an  element  of 
the  radius  at  time  t. 

By  time  differentiation  of  expressions  (3.5),  the 
velocity  distribution  is 


Bw 

at 


V  -  u)(r  -  r  )  +  9(r  ,  t)r 
h  h  h 


0  £  r  <  r  (t ) 
n 


r(t)  <  r  <.  a 
h 


(3.6) 


As  the  radius  of  the  plastic  hinge  circle  decreases,  each  element  of 

radius  which  it  passes  is  rotated  an  infinitesimal  angle.  This  angle 

is  uydt  as  the  hinge  circle  radius  changes  by  r  dt;  thus  the  hinge 

h 

circle  leaves  behind  it  a  deformed  radius  with  a  continuous  slope  0 


99 


t)  of  (3.6)  is 


and  a  curvature  k  =  uu/r  .  In  our  example, 
r  n 

infinitesimal  and  in  the  limit  6(r.  ,  t)  —  0, 

h 


H(rh. 


so  that 


0  £  r  i  r.  (t) 
h 

(3.7) 

r  (t )  r  £  a 
n 


and  the  velocity  is  continuous  at  r  =  r^(t).  Note  that  if  tne  hinge 
circle  were  stationary,  a  case  which  arises  with  a  rectangular  pulse  of 
sufficiently  high  peak  pressure,  g(r  .  t)  would  be  finite  but  =  0. 
Hence  (3.7)  again  applies. 


By  time  differentiation  of  (3.7),  the  acceleration 

distribution  is 


.2 
d  w 
“ 

at 


v 

V  -  ijj(r  -  rfa)  +  iurh 


0 


<  r  <  r  (t) 
b 


(3.8) 


r.  (t)  <  r  £  a 
a 


and  we  see  that  a  discontinuity  of  acceleration  equal  to  :prh  exists 
at  the  hinge  circle.  Across  a  stationary  hinge  circle,  the  acceleration 
is  continuous  (r^  =  0). 

From  (3.5)  the  slopes  are 


0  Sr  £  r  (t) 

n 

(3.9) 

r.(t)  <  r  <.  a 
h 

and, since  Q(r.  ,  t)  =  0  when  the  hinge  circle  is  moving,  the  slope 
n 

is  continuous  across  the  hinge  circle.  For  a  stationary  hinge  circle 

0(r  ,  t)  f  0  and  the  slope  is  discontinuous.  Since  *  =  -3w/r5r, 

h  0 

there  results  show  that  the  circumferential  component  of  curvature  is 
continuous  across  a  moving  hinge  circle  and  discontinuous  across  a 
stationary  one. 


SO 

-  0(r,  t) 


V 


* 


► 
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The  radial  component  of  curvature  x  =  -.^w/br^  is 

discontinuous  across  the  moving  hinge  circle.  On  the  inside  x  =  0, 

r 

and  on  the  outside,  as  we  have  shown,  the  hinge  circle  leaves  behind  it 

a  curvature  x  ~  uu/i'.  •  Across  a  stationary  hinge  circle  x  can  be 
r  n  r 

either  continuous  or  discontinuous.  In  our  example  with  a  rectangular 

pulse  of  sufficiently  high  pressure,  «  =  0  on  either  side  of  the 

r 

hinge  circle  and  is  therefore  continuous. 


Differentiation  of  (3.7)  with  respect  to  r  or  (3.9) 
with  respect  to  t  gives 


,3 
d  w 

dtd“r 


-  U> 


0  s  r  <  r  (t) 
h 

(3.10) 

r,  (t)  <  r  £  a 
h 


3  2 

which  shows  that  the  curvature  rate  x  =  “9  w/dtdr  is  discontinuous 

r 

across  a  stationary  of  nonstationary  hinge  circle  unless  the  angular 
velocity  uu  is  constant. 


Finally,  we  shall  find  the  continuity  conditions  at  a 
hinge  circle  which  apply  to  the  bending  moments  and  shear  force. 

Figure  3.6  shows  two  plate  elements,  one  on  either  side  of  a  hinge  circle 


0  (rh+dr)d<? 


FIG.  3.6  PLATE  ELEMENTS  NEXT  TO  HINGE  CIRCLE 


With  the  forces?  and  moments 


or  regime  boundary  of  radius  r  =  r^ . 
shown,  vertical  equilibrium  requires 

Q'^r.  +  dr)  -  Q  '(r.  -  dr)  +  (p"  -  mw'*)r,  dr  +  (p'  -  mw '  )r  dr  =  0 
h  h  tt  h  tt  h 

where  w  is  the  acceleration.  Letting  dr  become  zero  lef.ves 

Q'  =  Q"  so  that  the  shear  force  is  continuous.  Moment  equilibrium 

about  r  =  r,  requires 
h 

M '  y(r  +  dr)  -  M'(r  -  dr)  -  (Q  '  +  Q  ")ru  dr  -  (m'  +  M'')dr  =  0 
r  h  r  h  h  0  8 

and,  by  again  letting  dr  become  zero,  we  have  so  that  the 

radial  bending  moment  is  continuous.  Since  the  circumferential  moments 

M'  and  M1 '  are  independently  in  equilibrium,  they  need  not  be  related 

0  9 

to  each  other  and  may  have  a  discontinuity  across  r  =  r^. 

3.4  Analytical  Approach:  Equilibrium  Equations 

The  motion  of  a  rigid-plastic  beam  takes  place  by  means  of 
mechanisms  consisting  of  finite  rigid  portions  of  beam  joined  by  natural 
or  plastic  hinges;  the  motion  can  be  conveniently  analyzed  by  using  the 
equations  of  rigid  body  dynamics.  The  motion  of  a  plate,  on  the  other 
hand,  involves  yielding,  not  just  at  the  hinge  circle  but  throughout 
finite  regions  of  the  plate.  Nevertheless,  by  regarding  an  elemental 

section  as  a  tapered  beam  with  moments  M  distributed  along  its  sides, 

0 

a  mechanism  approach  is  possible.  However,  in  view  of  the  complicated 
"beam"  shape  (being  triangular  or  trapezoidal  in  plan)  and  its  loading, 
one  is  forced  to  start  from  the  equilibrium  equations  of  a  plate  element 
bounded  by  the  polar  coordinate  lines.  The  concept  of  a  mechanism  ap¬ 
plied  to  an  elemental  sector  of  plate  is  still  useful  for  an  understanding 
of  the  deformation  process. 


With  the  aid  ol  Fig.  3.7  the  equations  oi'  equilibrium  or  motion 


of  a  plate  element  are  readily  found  to  be 


(M  r)  -  M  -  Qr  =  0 
at  r  0 

where  p  and  m  are  the  applied  pressure  and  mass  per  unit  area  of 
plate.  Since  the  shear  force  is  zero  at  the  plate  center,  these 
equations  can  be  written  in  the  form 


(3.12) 


To  find  the  initial  motion,  a  distribution  of  plastic  regimes 

is  chosen  consistent  with  the  center  and  support  conditions.  At  the 

plate  center  M  =  M  =  M  ,  so  that  the  regime  there  is  A  in  Fig.  3.4. 

1  r  0  o 

At  a  simple  support  Mr  =  0,  giving  regime  B ;  at  a  clamped  support 

M  =  -M  ,  suggesting  regime  C.  Regime  boundaries  must  provide  continuous 
r  o 

radial  moments  M  .  The  flow  rule  of  these  regimes  suggest  .velocity  fields, 
r 


FIG.  3.7  PLATE  ELEMENT  —  FORCES  AND  MOMENTS 
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They  have  to  be  consif  'nt  with  the  boundary  conditions  and  give  a 
velocity  distribution  ntinuous  in  r.  The  velocity  fields  and  moments 
are  then  substituted  n  (3.12).  These  procedures  will  be  applied  to 
dynamic  problems,  bu  first  we  shall  devote  the  next  two  sections  to 
establishing  static  collapse  pressures  and  mechanisms  for  simply  sup¬ 
ported  and  clamped  circular  plates. 

3. 5  Static  Collapse  Pressure  of  a  Simply  Supported  Plate 

The  uniformly  distributed  pressure  which  just  causes  collapse 
of  a  rigid-plastic  simply  supported  circular  plate  will  now  be  found. 

Setting  the  inertia  term  equal  to  zero  in  (3.12)  and  treating  the 
pressure  as  a  constant  gives 


Q  =  -pr/2 

~-(M  r)  -  M„  =  -pr2 3/2 
hr  r  9 


(3.13) 


We  shall  assume  that  at  collapse  the  entire  plate  is  plastic 
so  that  at  each  element  a  plastic  regime  exists.  Then,  at  the  center 
M  =  Mg  —  Mq,  and  at  the  support  =  0.  Now  My  must  vary  contin¬ 
uously  from  M  =0  at  the  support  to  =  Mq  at  the  center.  Conse¬ 
quently,  the  plastic  regimes  governing  the  plate  deformation  are  A,  AB, 
and  B  in  Fig.  3.8,  with  A  at  the  center  and  B  at  the  support.  This  means 

that  throughout  the  plate  M  =  M  and  (3.13)  can  be  integrated  to  give 
2  d  ° 

M  =  M  -  nr  /6.  Using  the  boundary  condition  M  (a)  =  0,  where  a  is 
r  o  r 

the  plate  radius,  gives  a  static  collapse  pressure 

p=6M/a  (3.14) 

s  o 


Before  (3.14)  can  be  said  to  be  the  actual  collapse  and  not 
9  10 

merely  a  lower  bound,  '  we  must  prove  that  the  velocity  field  stemming 

2  2 

from  the  flow  law  is  admissible.  Along  AB  of  Fig.  3.8,  =  -d  v/dr  =  0, 

so  that  the  velocity  fields  are  of  the  form  v  -  ar  +  6.  where  a  and 

3  are  constants.  Now  the  boundary  condition  v(a)  =  0  demands  that 


► 
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FIG.  3.8  TRESCA  YIELD  HEXAGON  —  REGIMES 
FOR  SIMPLY  SUPPORTED  PLATE 


S  =  -act  and  the  velocity  field 
becomes 


v=v(l-r/a)  (3.15) 
o 


where  v  is  the  indeterminate 
o 

velocity  of  the  plate  center  at 
collapse.  The  plate  therefore 
collapses  into  a  cone  with  a 
concentrated  hinge  circle  at  the 
center,  where  the  plastic  regime 
B,  being  a  corner  of  the  yield 
hexagon,  allows  a  discontinuity 
of  slope.  The  velocity  distri¬ 
bution  (3.15)  gives  the  mechanism 
applicable  to  an  elemental  plate 


sector.  Each  radius  remains  straight  and  rotates  as  a  "rigid  body"  about 
the  support.  Since  the  velocity  field  satisfies  all  conditions,  (3.14) 
gives  the  static  collapse  pressure. 


3.6  Static  Collapse  Pressure  of  a  Clamped  Plate 

We  shall  now  find  the  uniform  pressure  which  just  causes 
collapse  of  a  rigid-plastic  clamped  circular  plate.  By  setting  the 
inertia  term  equal  to  zero  and  by  treating  the  pressure  as  a  constant, 
equations  (3.12)  become 


Q  =  -pr/2 

4~(M  r)  -  **  =  -pr2/2 
dr  r  0 


(3.16) 


At  collapse,  the  entire  plate  is  assumed  to  be  plastic  sc  that 
at  each  plate  element  a  plastic  regime  exists.  Then,  as  for  simply 
supported  plates,  we  have  =■  M  =  in  plastic  regime  A  at  the 
center  (see  Fig.  3.9).  At  a  clamped  support  either  the  slope  dw/dr  =  0 
(which  gives  x  -  -dv/rdr  =  0)  or  a  hinge  circle  exists  there.  To  find 

n 
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which  condition  actually  occurs 
at  the  support,  let  us  work  out¬ 
ward  from  the  center  of  the  x 

plate,  determining  plastic  re¬ 
gimes  as  we  proceed.  For  con¬ 
tinuity  of  M^,  the  regime  for 
the  area  of  plate  surrounding 
the  center  is  either  A,  AF,  or 

AB.  It  cannot  be  A(M  =  - 

J*  0 

M  )  or  AF(M  =  M  ,  0  <  M  <M) 
o  r  o  9  o 

because  M  --  M  substituted 

r  °  2 
in  (3.16)  gives  M  =  M  +  pr  /2, 

fj  O 

which  is  incompatible  with 

M.  =  M  for  A  and  0  <  M  <  M 

9  o  0  o 

for  AF.  Thus,  in  the  vicinity 

of  the  center,  the  regime  is  AB 

(M„  =  M  ,  0  <  M  <  M  ) ,  which 
0  o’  r  o 

is  compatible  with  (3.16).  The  corresponding  velocity  field,  from  the 

2  2 

flow  law  A.r  =  -d  v/dr  =0,  is  of  the  form  v  =  of  +  6-  For  this  regime 

to  extend  to  the  support  at  radius  a,  we  have  v  =  -a(a  -  r).  Thus 

zero  slope  is  not  possible  at  the  support  and,  since  the  alternative  is 

a  plastic  hinge  circle  with  =  -M^,  the  plastic  regime  AB  does  not 

reach  the  support.  We  therefore  let  B  be  the  regime  at  an  interior 

circle  of  radius  r  -  ;  outside  this  circle  the  regime  is  BC,  since 

M  must  be  continuous  throughout  the  plate.  Regime  BC  has  the  yield 
r 

condition  M  -  M  =  M  and  the  flow  law  »  +  i  =0,  the  latter  de- 

9  r  o  9  r 

standing  velocity  fields  of  the  form  v  =  Y  (,nr  +  6,  where  y  and  6 

are  constants.  With  the  support  condition  v(a)  =  0,  the  velocity  be- 

2 

comes  v  =  -y  <{,n( a/r )  giving  at  the  support  A.  =  -y/a  ,  which  is  not 

9 

zero.  Hence  the  support  is  a  hinge  circle  with  plastic  regime  C  ,  and 

we  have  =  -Mq.  We  now  proceed  to  find  the  collapse  pressure  using 

the  deduced  distribution  of  plastic  regimes,  A  at  r  =  0,  AB  in  0  <  r  < 

r  .  B  at  r  =  r,  ,  BC  in  r.  <  r  <  a,  and  C  at  r  =  a. 
b  b  b 

fl 


FIG.  3.9  TRESCA  YIELD  HEXAGON  —  REGIMES 
FOR  CLAMPED  PLATE 
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In  the  region  0  <  r  <  r  with  plastic  regime  AB,  we  have 

0  2 
M  =  M  so  that  (3.16)  gives  for  M  the  expression  M  =  M  -  pr  /6 . 
-i  o  r  t  o 

At  the  as  yet  unknown  radius  r  =  rfe  the  plastic  regime  is  B  with 
=0  so  that  the  static  collapse  pressure  is 


6M  /rf 

o  h 


(3.17) 


provided  the  velocity  field  satisfies  all  its  requirements.  To  find  rfe 

we  first  note  that  the  region  r^  <  r  <  a  is  governed  by  regime  BC  with 

the  yield  condition  Mg  =  M0  +  M  which  when  substituted  in  (3.16)  gives 

2  2  r 

M  =  M  ~<t.n(r/r,  )  -  p(r  -  r.  )/4.  Then  with  the  support  condition 
rob  b  ^ 

M  (a)  =  -M  we  have  the  equation  for  (r /a) 
r  o  b 

5  +  {,n( a/r  )2  =  3(a/r  )2 
b  b 

with  the  solution  r,/a  =  0.730.  Thus  the  static  collapse  lead  of  (3.17) 
b 

becomes 


p  =  11.26  M  /a 

s  o 


(3.18) 


This  value  must  be  regarded  as  a  lower  bound  until  it  is  established 
that  the  velocity  field  satisfies  all  requirements. 


The  velocity  distribution  from  the  flow  rule  of  regimes  AB  and 


BC  i  s 


at  +  p 


v  (n  r  +  6 


0  <  r  <  r. 


r.  <  r  <  a 
b 


(3.19) 


Eliminating  from  (3.19)  the  constants  y  and  6  by  ensuring  continuity 
of  v  and  dv/dr  (no  hinge  circle  with  regime  B)  at  r  =  rfc  and 
eliminating  3  by  satisfying  the  support  condition  v(a)  =  0  leads  to 
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a  the  plate  radius,  m  the  mass  of 


ri ;  i  w  w 

a 

A 

\  0 

h  t 


•»-S7S»-7» 


plate  per  unit  area,  and  M  the  fully 
plastic  moment  per  unit  length  of  polar 
coordinate  line.  Instead  of  the  sym¬ 
bols  M  and  Nr  for  the  radial  and 
r  3 

circumferential  bending  moments,  we 
shall  use  M  and  N.  This  will  permit 
the  consistent  use  of  subscripts  r 
and  t  to  denote  partial  differentia¬ 
tion. 


FIG.  3.10  CIRCULAR  PLATE  PROBLEM  We  recall  that  in  Section  3.5 

the  static  collapse  pressure  and  the 
associated  velocity  field  were  found  to  be 


p  =  6M  /a 
s  o 


(3.22) 


and 


wt  =  m  -  r/a)  (3.23) 

When  a  rectangular  pulse  is  applied  with  a  pressure  slightly  in  excess 
of  the  static  collapse  pressure,  the  inertia  forces  are  small  so  that 
it  is  reasonable  to  assume  the  velocity  distribution  (3.23)  with 
V  =  V(t).  Prom  the  point  of  view  of  the  motion  of  a  radius  or  diameter 
and  the  analogous  motion  of  a  simply  supported  beam,  the  velocity  distri¬ 
bution  (3,22)  will  give  rise  to  a  mechanism  which  we  shall  call  mechanism  1. 

3.7.1  Mechanism  1,  Phase  1  (0  St  £  to) 

The  velocity  distribution  (3.23)  implies  that  the  whole 
plate  is  plastic  and  governed  by  regime  AB  of  Fig.  3.11c,  with  A  at  the 
center  and  B  at  the  support,  as  shown  in  Fig.  3.11a.  Consequently  we 
have 

0  a  M  4  M  N  =  M  (3.24) 

o  o 
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Introducing  now  the  equation  of  motion  (see  Section  3.4) 


substituting  N 
with  respect  to 


(Mr)r  -  N  = 


r 


(p  -  mw^)r  dr 


o 


(3.25) 


from  (3.24),  w  ^  from  (3.23),  and  integrating  twice 
r  leads  to 


M  =  M 

o 


p  r2/2  +  mVr2(2  -  r/a)/12 
m 


0  S  t  <  t  (3.26) 
o 


At  the  support  M(a,t)  =  0 


so  that,  with  the  use  of  (3.22),  expression 
(3.26)  gives  the  central  acceleration 
as 


A  AB  a 


V  =  2(p  -  p  )/m  (3.27) 

m  s 


(a)  MECHANISM  I 


A  A  A  AB  8 

(b)  MECHANISM  2 


With  the  initial  conditions  w(0,r)  = 
w(0,r)  =  0,  and  hence  V(0)  =  0,  suc¬ 
cessive  time  integrations  of  (3.27) 
give  the  central  velocity  and  deflection 
as 


N 


(C)  TRESCA  YIELO  HEXAGON 

«*  -  er*i-«o 

FIG.  3.11  MECHANISMS  AND  PLASTIC 
REGIMES,  (o)  Mechanism  1, 
(b)  Mechanism  2,  (c)  Trescc 
yield  hexagon 


V  =  2(p  -  p  )t/m 

m  s 

6  =  (p  -  p  )t2/m  (3.28) 

in  s 

This  phase  of  the  motion  ends  at 

the  same  time  as  the  pulse,  at  time 

t  .  At  this  time  the  deflection  ex- 
o 

pression,  in  terms  of  the  dimensionless 
variables  \  and  v  of  (3.21),  becomes 

V  =  (1  -  l/V/6\  (3.29) 

o 


110 


Before  considering  the  next  phase  of  motion  the 

expression  (3.26)  must  be  examined  to  see  if  any  restrictions  have  to  be 

imposed  in  order  that  the  moment  M  satisfies  the  yield  condition  (3. 2d). 

As  we  shall  presently  see,  a  restriction  is  indeed  necessary  and  takes  the 

form  of  a  bound  on  the  pressure  p  ,  as  in  similar  beam  problems.  This 

m 

is  to  be  expected  because  we  assumed  inertia  forces  small  enough  not  to 
change  the  static  collapse  mechanism  and,  if  the  pressure  is  high  enough, 
this  assumption  can  no  longer  be  reasonable. 

By  substituting  the  central  acceleration  expression  (3.27) 
in  (3.26),  we  find  that  moment  can  be  represented  in  the  form 

M/Mq  =  1  -  Xp2  +  (X  -  1 ) p2 ( 2  -  p)  (3.30) 

where,  for  brevity,  we  have  let  p  =  r/a.  The  derivative  of  (3.30)  with 
respect  to  p  is  p£ ( A  -  1)(4  -  3p)  -  2x3,  which  is  zero  at  p  =  0  and 
less  than  zero  for  all  p  in  0  <  p  i  1  if  1<X<2.  Hence  if  X  is 
in  the  range  1  <  X  <  2,  the  moment  decreases  monotonically  from  M  =  Mq 
at  the  center  to  M  =  0  at  the  support  and  thereby  satisfies  the  yield 
condition  (3.24).  As  X  is  increased  through  X  *=  2,  tne  sign  of  the 
second  derivative  with  respect  to  p  changes  from  negative  to  positive 
at  p  =  0,  so  that  M  changes  from  a  maximum  to  a  minimum.  Thus,  when¬ 
ever  X  >  2,  the  yield  condition  is  violated  in  the  neighborhood  of  the 
plate  center.  This  suggests  that  a  central  area  of  plate  undergoes 
translatory  motion  when  X  >  2.  This  will  be  taken  up  under  mechanism  2 
below. 

3.7.2  Mechanism  1,  Phase  2  (t  <  t  <  t„) 

O _  A 

During  the  remaining  motion  no  pressure  is  being 

applied.  The  radial  bending  moment  and  central  acceleration,  from  (3.26) 

and  (3.27)  with  p  =  0,  are 
m 

M  =  M  +  mVr2  (2  -  r/a)/12  (3.31) 

o 

V  *  -2pg/m  (3.32) 
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Noting  that  V(t  )  =  2(p  -  p  )/t  /m.  integrating  (3.32)  gives  for  the 

o  m  s  o 

central  velocity 


V  =  2(p  t  -  p  t)  (3.33) 

ID  O  S 

The  time  t  when  motion  ceases,  obtained  by  setting  V(t  )  =0  in 

*  2. 

(3.33),  is  t_  =  (p  /p  )t  =  ).t  .  By  integrating  (3.33)  from  t  =  t 
2  m  s  o  o  o 

to  t  =  t2  the  central  deflection  acquired  during  this  phase  of  motion, 
in  terms  of  X.  and  v  of  (3.21),  is  found  to  he 

v„  -  v  =  (1  -  l/\)2/6  (3.34) 

2  O 

Thus  with  vQ  determined  by  (3.29)  the  total  central  deflection  is 

V,  =  <1  -  l/X)/6  1  <  X  <  2  (3.35) 


Again,  to  ensure  that  the  radial  bending  moment  satisfies 
the  yield  condition  (3.24),  we  substitute  (3.32)  into  (3.31).  Then  we 
have 


2 

M/MQ  =  1  -  p  (2  -  p) 

which  shows  that  the  moment  monotonically  decreases  from  M  =  Mq  at 
p=0  to  M  =  0  at  p  =  1.  . 

3.7,3  Mechanism  2,  Phase  1  (0  £  t  <  t 
_ | _ o 

I.  Section  3.7.1  it  was  found  plausible  (whenever 
X  >  2)  to  consider  a  mechanism  in  which  a  finite  central  portion  of 
plate  undergoes  translatory  motion;  the  tendency  of  the  bending  moment 
diagram  to  flatten  out  near  the  center  as  X  -»  2  from  below  suggests 
this  mechanism.  The  plastic  regimes  are  A  in  the  central  region  bounded 
by  a  hinge  circle  of  some  radius  r  =  with  regime  A,  AB  in  the  outer 
annulus,  and  B  at  the  support.  Figure  3.11b  shows  mechanism  2  and  the 
distribution  of  plastic  regimes. 


1J.2 


From  the  flow  law,  continuity  ol  velocity  at  r  =  r  , 

h 

and  the  support  condition  w^(a,  t)  =  0,  the  velocity  field  ol  mechanism  2 
i  s 


0  <  r  i.  r. 


r,  <  r  a 
h 


(3.36) 


An  assumption  of  the  mechanism  is  that  the  hinge  circle  is  stationary 
while  a  rectangular  pulse  is  being  applied.  Note  that 

)  0  ^  r  &  r. 


tr 


-V/(a  -  r  ) 
h 


r,  <  r  a 
h 


is  discontinuous  at  r  ~  r.  ,  which  is  consistent  with  the  definition  of 

h 

a  hinge  circle. 

For  the  central  region  0  <  r  <  r.  ,  the  equation  of 

h 

motion  is  simply 


mV  =  p 


or 


mV  =  I 


(3.37) 


If  we  substitute  p  =  p  ,  w. .  from  (3.36),  and  N  =  M  ,  in  the  equation 

in  tt  o 

of  motion  (3.25),  carry  out  the  first  integration  on  the  right-hand  side, 
integrate  the  resulting  equation  from  r^  to  r  in  the  range  r^  <  r  <  a 
using  the  continuity  condition  M  =  Mq  at  r  =  r^,  and  simplify  the 
algebra  we  are  led  to  the  result 

M/M  =  1  -  X(r  -  r.)3(r  +  r.  )/2a2r(a  -  r  )  r  i.  r  <  a  (3.38) 

o  n  n  n  n 

Now  making  use  of  the  support  condition  M(a,  t)  =  0,  (3.38)  yields 


X  =  2a3/(a  -  r  )2(a  +  r  )  X  >  2 
h  h 


(3.39) 
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which,  when  substituted  back  into  (3.38),  gives 


M/M  =  1  -  a(r  -  r  )  (r  +  r  )/r(a 
o  h  h 


r,  )  (a  +  r  ) 
h  h 


r,  s  r  4  a 
h 

(3.40) 


From  (3.39),  as  r  -*  a  which  says  that  when  an 

h 

ideal  impulse  (infinite  pressure,  zero  duration)  is  applied  the  hinge 
circle  is  at  the  support.  In  the  next  phase,  which  describes  the 

motion  after  the  pressure  has  been  removed,  we  shall  see  that  the  hinge 

circle  diminishes  to  a  point  at  the  plate  center,  so  for  an  ideal  im¬ 
pulse  the  initial  location  is  the  support  circle  and  it  immediately 
starts  to  decrease.  For  a  given  value  of  X  ,  (3.39)  gives  the 

following  cubic  equation  for  p  =  r  / a: 

h  h 

~  ~  0.  +  (1  ~  2/\)  =  0  X  >  2  (3.41) 

n  h  h 

The  question  now  arises  as  to  whether  a  restriction 

on  X  is  necessary  to  ensure  that  the  radial  moment  expressed  by 

(3.40)  obeys  the  yield  condition  0  S  M  S  of  the  plastic  regime  AB. 

It  is  readily  shown  by  differentiating  (3.40)  that  ^  SC  for  all 

values  of  r  in  the  range  r^  £  r  s  a,  with  »'.r  =  0  only  at  r  =  r^. 

Consequently,  M  decreases  monotonically  from  M  =  M  at  r  =  r,  to 

o  h 

M  =  O  at  r  =  a  for  all  X  >  2,  and  no  restriction  on  \  is  required. 

TMs  phase  ends  with  the  pulse  at  time  t  =  t^.  From 
(3.37),  the  central  deflection  at  this  time,  in  terms  of  the  variabie 
X  and  v  of  (3.21),  is 


v  =  1/12X  (3.42) 

o 

3.7.4  Mechanism  2,  Phase  2(t  <  t  <  t,  ) 

_ ’ _ o _ 1 

With  the  removal  of  the  pressure  the  central  portion  of 
the  plate  moves  at  a  constant  velocity  Vq  =  I^/m.  If  the  plastic 
hinge  were  to  remain  stationary,  the  plate  would  retain  its  kinetic 
energy  with  no  dissipation,  by  plastic  work.  Clearly  this  is  not 
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possible,  so  the  plastic  hinge  circle  is  assumed  to  diminish  and  eventu¬ 
ally  become  a  point  at  die  plate  center.  Thus  we  are  led  to  the  velocity 
field 


0  r  ^  rh(t) 


w 


t 


r.  (t) 
h 


V 

o 


(3.43) 

r  (t)  r  <.  a. 


Substituting  p  =  0,  w  from  (3.43),  and  N  =  M  into 

tt  o 

the  equation  of  motion  (3.25),  carrying  out  the  first  integration  on 

the  right-hand  side,  integrating  the  resulting  equation  from  r.  to  r 

h 

in  the  range  rh  <  r  <  a  using  the  continuity  condition  M  =  Mq  at 
r  =  r  ,  and  simplifying  the  algebra  leads  to  the  equation 


2 (M/M  -  l)a2r(a  -  r  )2  +  \t  r  (r  -  r  )2[r2  -  2r(a  -  r  )  -  r  (4a  -  3r.  )]  =  0 
o  hohh  hhh 

(3.44) 

Use  of  the  support  condition  M(a,t)  =0  in  (3.44)  gives 


r  =  -2a3/Xt  (a  -  r  )(a  +  3r  )  (3.45) 

hohh 

Noting  that  Xt  =  I  /p  ,  we  see  from  (3.45)  that  for  an 
o  os 

ideal  impulse  the  initial  velocity  of  the  hinge  circle  is  infinite 

(as  \  -»  <»,  r.  -*  a). 

h 

The  location  of  the  plastic  hinge  can  be  found  by  inte¬ 
grating  (3.45)  ami  using  (3.41)  to  give  the  initial  location.  This 
procedure  results  in  the  following  cubic  for  =  r^/a : 

Pk  “  Pn  "  3s  +  (1  “  2t/^  >  =  0  X  >  2  (3.46) 

hhh  o 

Substituting  the  hinge  velocity  r.  from  (3.45)  back  into 

h 

(3.44)  gives  for  the  bending  moment  distribution  the  expression 

M/M  =  1  +  a(r  -  r  )2[r2  -  2r(a  -  r.  )  -  r  (4a  -  3r  )j/r(a  -  r  )3(a  +  3r,  ) 
o  h  h  h  h  h  h 
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r.  s  r  <:  a 
h 


We  can  show  that  M  monotonically  decreases  from  M  =  M  at  r  =  r 

oh 

to  M  =  0  at  r  =  a  for  all  X  >  2,  so  that  no  restrictions  are 
required. 

This  phase  of  motion  ends  at  a  time  t^  when  the  hinge 

circle  reaches  the  plate  center.  Hence  by  substituting  =  0  into 

(3.46),  we  have  t,  =  \t  /2.  From  t  =  t  to  t  =  t,  the  velocity  of 
1  o  o  1 

the  plate  center  is  V  ,  a  constant.  Thus  the  central  deflection 

acquired  during  this  phase  is  1  (t,  -  t  )/m  which,  in  terms  of  X 

O  1  o 

and  v,  is 

v  -  v  =  (1  -  2/X)/12  X  >  2 

1  o 

and  since  v  =  1/12X  by  (3.42),  we  have 
o 

V  =  (1  -  l/XJ/12  X  >  2  (3.47) 

The  remaining  motion  takes  place  by  mechanism  1. 

3.7.5  Mechanism  1,  Phase  3  (t^  <  t  <  t^) 

After  the  hinge  circle  becomes  a  point  at  the  plate  center, 
the  whole  plate  is  in  plastic  regime  AB,  as  it  was  throughout  motion 
when  the  pressures  were  in  the  range  pg  <  p^  <  2pg. 

The  acceleration  V  of  the  center  is  determined  by  (3.32) 

and,  after  integration  with  V(t  )  =  1  /m  and  t  =  I  /2p  ,  the  velocity 

X  o  x  o  s 

of  the  center  is  found  to  be 

V  =  2(1  -  p  t)/m  (3.48) 

o  s 

*  *»  - 

Motion  ceases  at  a  time  t  =  I  /p  =  2t  ,  determined  by  (3.48)  with 

*4  OS  X 

V(tg)  =  0.  The  increase  in  central  deflection,  found  by  integrating 

(3.48)  from  t  to  t„,  is  (in  terms  of  v) 

X 

V2  -  Vi  =  1/24  X  >  2 
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,nnd  hence  with  .  Rivtn  by  (3. '17) 


V2  =  (3/2  -  l/\)/12  -  --  2  (3.49) 

As  ,\  -»  03  with  I  held  constant,  an  ideal  impulse  is 
o 

approached  which,  according  to  (3.49),  produces  a  central  deflection  of 


V2  =  1/8 


\  =  (3.50) 


3.7.6  Relationship  among  Pressure,  Impulse,  and  Central 
Deflection 

Figure  3.12  shows  the  relationship  among  pressure,  im¬ 
pulse,  and  central  deflection  in  the  form  of  a  graph  of  ),  versus  v 
obtained  from  formulas  (3.35)  and  (3.49).  For  convenience,  these 
formulas  are  written  on  Fig.  3.12.  The  graph  bears  a  strong  resemblance 
to  the  corresponding  curves  for  clamped  and  simply  supported  beams,  as 
can  be  seen  from  Figs.  2.16  and  2.17  (curve  C).  For  a  fixed  impulse, 
the  central  deflection  6  increases  monotonically  with  the  pressure, 
tending  to  an  asymptote  at  v  =  1/8  representing  the  ideal  impulse 
case.  At  low  pressures  the  deflection  is  extremely  sensitive  to  a 
change  in  pressure.  For  example,  increasing  the  value  of  X  from  1.1 
to  2.0  increases  by  5-1/2  times  the  value  of  6.  At  high  pressures  the 
deflection  is  insensitive  to  a  change  of  pressure.  In  fact  at  X  =  8 
about  92%  of  the  deflection  due  to  an  ideal  impulse  of  magnitude  Iq 
is  attained. 


Figure  3.13  is  a  pressure-impulse  diagram  and  is  con- 

2  2 

structed  as  follows.  For  a  rectangular  pulse  we  have  6  =  (IQa  /nM  )v(\)> 

where  v(X)  is  (3.35)  or  (3.49),  and  for  an  ideal  impulse  1  we  have 

2  2  * 

6,  =  (I,?  /mM  )v  »  where  v,  =  1/8  by  (3.50).  Let  the  two  deflections 
1  1  o  1  1  2 

be  equal.  Then  we  have  (I  /I.)  =  v,/v(X)  so  that 


3A/4( \  -  1) 

3X/(3X  -  2) 


1  s  X  £  2 


2  i  X 


(3.51) 
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FIG.  3.12  PRESSURE-IMPULSE-CENTRAL  DEFLECTION 

RELATIONSHIP  FOR  SIMPLY  SUPPORTED  PLATE 

The  curve  in  Fig.  3.13,  obtained  from  (3.51),  shows  how 
the  pressure  and  impulse  of  a  rectangular  pulse  have  to  be  varied  to 
maintain  a  given  central  deflection  6.  The  curve  is  similar  in  form  to 
that  for  simply  supported  and  clamped  beams,  as  can  be  seen  from  Fig.  2.23 
(curve  C).  The  asymptotes  I^/Ij  =  1  and  L  =  1  represent  the  limiting 
cases  of  ideal  impulsive  and  static  loading.  It  is  interesting  to 
observe  that  whenever  X  >  6  the  impulse  giving  the  same  deflection  as 
an  ideal  impulse  is  less  than  6%  larger  than  the  ideal  impulse. 


* 
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iiA- 5733-82 

FIG.  3.13  PRESSURE-IMPULSE  DIAGRAM  FOR  SIMPLY  SUPPORTED 
PLATE 

3. 8  Clamped  Circular  Plate  Subjected  to  a  Rectangular  Pulse 

Finding  the  response  of  a  clamped  circular  rigid-plastic  plate  to 
a  rectangular  pulse  uniformly  distributed  over  its  entire  area  is  far 
more  difficult  than  finding  the  response  when  the  plate  is  simply 
supported.  Closed  form  solutions  giving  the  variation  of  central  de¬ 
flection  with  pressure  and  impulse  are  not  obtained  as  they  were  in 
Section  3.7,  because  the  velocity  fields  are  far  more  complicated.  We 
recall  from  Section  3.6  that  even  finding  the  static  collapse  pressure 
requires  the  solution  of  a  transcendental  equation.  To  obtain  the 
solutio..  therefore,  numerical  analysis  is  employed. 
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As  shown  in  Fig.  3.14,  the  pulse  has  an  instantaneous  rise  to 

a  pressure  p  which  remains  constant  until  a  time  t  when  it  instan- 
m  o 

taneously  falls  to  zero.  The  pressure  and  impulse  functions  meeting 
this  description  are 


6*  —  573  3  -  83 


FIG.  3.14  CIRCULAR  PLATE  PROBLEM 

3.8.1  Mechanisms  of  Deformation 

In  Section  3.6  it  is  established  that  the  static 
collapse  pressure  is 

p  =  6M  /r2  (3.52) 

s  OS 
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where  r^/a  -  0,73  is  the  solution  or  the  equation 


5  +  {.n(a/r  )2  =  3(a/r  )2 
s  s 


a  being  the  plate  radius.  The  associated  velocity  field  (3.20)  can  be 
expressed  in  the  form 


V<1  -  o  p/p  ) 


V  a  ln(l/D) 


0  n  £ 


P  *  Ps 


ps  ^  p  <  1 


(3.53) 


where  p  =  r/a,  =  r^a,  and  1/a  =  ^n(l/pg)  +1.  V  is  the  indeter¬ 
minate  velocity  of  the  plate  center. 

When  the  pressure  is  slightly  greater  than  the  static 

collapse  pressure  ps,  it  is  reasonable  to  assume  that  the  dynamic  mode 

of  collapse  has  a  velocity  field  similar  to  (3.53)  because  inertia  forces 

are  still  small.  The  only  difference  in  the  velocity  fields  is  that, 

instead  of  the  dimensionless  radius  p  ,  we  shall  require  a  new  radius 

s 

pj(t),  which  depends  on  the  pressure  and  time.  However,  in  the  first 
phase  of  motion  covering  the  period  during  which  the  constant  pressure 
is  being  applied,  we  shall  assume  that  p^  is  constant  at  a  value  which 
depends  on  the  pressure.  In  the  second  phase,  which  covers  the  remain¬ 
ing  motion,  Pl  will  be  taken  as  a  function  of  time  having  as  its 
initial  value  the  constant  value  in  phase  1.  Thus  we  have  the  following 
velocity  field: 


Wt  = 


V(l  -  a  p/Pl)  o  <;  p  <;  Pj(t) 


V  a  -InU/p) 


(3.54) 


Px(t)  SpSl 


where 


1/a  =  -tn(l/P]L)  +  1 


(3.55) 
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and  Cj  is  understood  to  remain  constant  while  the-  pressure  is  acting. 
The  motion  of  a  radius  or  diameter  in  accordance  with  (3.54)  and  (3.55) 
will  resemble  a  mechanism.  We  shall  call  it  mechanism  1.  The  distri¬ 
bution  of  plastic  regimes  associated  with  this  mechanism  is  shown  in 
Fig,  3,15.  As  in  section  3.7,  M  and  N  are  the  radial  and  circumferential 
bending  moments;  they  are  positive  when  they  cause  tension  on  the  under¬ 
side  of  the  plate. 
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r!G.  3.15  MECHANISMS  AND  PLASTIC 
REGIMES,  (a)  Mechanism  1, 
(b)  Mechanism  2,  (c)  Tresca 
yield  hexagon 


The  assumption  of  small  inertia 
forces  makes  it  predictable  at  the  out¬ 
set  that  the  velocity  field  (3.54)  will 
not  be  applicable  for  all  pressures. 

We  shall  see  that  the  upper  bound  for 
the  pressure  causing  deformation  by 

mechanism  1  is  p  2p  .  At  this 
in  s 

pressure,  an  inflection  point  in  the 
bending  moment  diagram  occurs  at  the 
plate  center;  slightly  higher  pressures 
bring  about  a  change  from  a  maximum 
moment  to  a  minimum,  thereby  causing 
the  yield  condition  to  be  violated  in 
the  neighborhood  of  the  plate  center. 

As  in  the  case  of  beams  and  simply 
supported  circular  plates,  this  be¬ 
havior  suggests  that  whenever  p  > 

ffl 

2pg  a  finite  central  portion  of  plate 
acquires  a  uniformly  distributed 
velocity.  This  mechanism,  called 
mechanism  2,  has  the  distribution  of 
plastic  regimes  shown  in  Fig.  3.15 
with  the  following  velocity  field; 


V 

w  =  '  V  [  1  -  C( 0  -  p  )/c. ] 

t  i  Ko  1 

I  V  a  tnU/o) 


c  s  D  P0(t) 

0Q('O  s  p  ■£  0^(0  (3.56) 

Px(t)  s  o  <;  l  * 
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♦ 


where 


1/0  =  -f,n(  1/p )  +  (1  -  pQ/p  )  (3.57) 

The  plastic  regime  A  now  occupies  a  finite  circular 

area,  the  circumference  of  which  forms  a  plastic  hinge  circle  of  radius 

p  (t).  While  the  constant  pressure  (p  >  2p  )  is  acting,  both  p  and 
o  ms  o 

p  are  assumed  to  remain  at  a  constant  value  which  depends  on  the 
pressure.  Upon  removal  of  the  pressure  they  are  no  longer  constant. 

The  hinge  circle  reduces  to  a  central  point  and  thereafter  deformation 
concludes  by  mechanism  1. 

Starting  from  the  equation  of  motion  (Section  3.4) 

r 

(Mr)y  -  N  =  -  J"  (p  -  mwH)rdr  (3.58) 

o 

we  shall  now  derive  the  equations  governing  motion  by  mechanisms  1  and 
2.  The  resulting  equations  are  applicable  to  general  blast  pulses  but 
will  be  solved  only  for  the  special  case  of  a  rectangular  pulse. 

3.8.2  Governing  Equations  for  Mechanism  2 

When  the  peak  pressure  of  a  blast  pulse  is  large  enough 

to  cause  deformation  by  mechanism  2,  the  acceleration  to  be  substituted 

in  (3.58)  is  obtained  by  differentiating  (3.56)  and  (3.57)  with  respect 

to  time.  The  circumferential  component  is  eliminated  by  using  the  yield 

condition  of  Fig.  3.15  in  conjunction  with  the  distribution  of  plastic 

regimes.  Due  to  the  three  prope  ties  M  =  Mq  in  0  S  r  £  r^,  M(r^,t)  =  0, 

and  M(a,t )  =  -M  ,  Integration  of  (3.58)  leads  to  the  following  three 
o 

equations : 

V ‘  =  \e  S/2  (3.59) 
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V'<*  +  T))*!  [  2F(3  -  3r!  +  r,2)  +  ^(6  _  8r)  +  3ri2)]  -  \r'-n[?X6  -  8n  +  3r,2) 

+  ii(l  -  ti)(4  -  3r|)]  -vn/ri2[2?<3  -  2r|)  +  t|(4  -  3ri>]  (3.60) 

2  2%  2 

=  \e  r((  3  -  3t)  +  T)  )  “  1  e  ’( ^  +  1)) 

v  '(s;  +  T^tse*2^  -  3  -  2^(3  -  3n  +  3r|2  -  n3)]  -  V?'[3e2?  -  3  -  2E, 
j  3  -  n2(l  -  r|)(3  -  2n)  j  -  2^2(3  -  6r]  +  6r2  -  2^)] 

(3.61) 

-  Vr/be^  -  3  -  2§(3  -  3n2  +  2t]3)  -  6?2(1  -  t))2] 

r  2(V?)  2?  ,  2fc  2 

=  1 3\e  S  (e  J  -  l)/2  -  (1  +  !;)]e  ^  (§  +  T|> 

The  new  dimensionless  variables  that  have  been  intro¬ 
duced  in  the  derivation  of  (3.59),  (3.60),  and  (3.61)  are  defined  by 

5  =  ^n(l/Pl)  n  =  1  -  0o/p1  \  =  p/ps  Ss  =  in(l/ps) 

(3.62) 

The  primes  denote  differentiation  with  respect  to  the  variable  t / 
where 

t'  =  12M  t/ma2 
o 

For  a  rectangular  pulse  of  pressure  p  ,  we  have  \  —  p  /p  . 

m  ms 

3.3.3  Governing  Equations  for  Mechanism  1 

Whenever  the  peak  pressure  is  low  enough  to  cause  de¬ 
formation  by  mechanism  1,  the  acceleration  to  be  substituted  in  (3.58) 
is  obtained  by  differentiating  (3.54)  and  (3.55)  with  respect  to  t. 

N  is  eliminated  by  means  of  the  yield  condition  used  in  conjunction 
with  the  distribution  of  plastic  regimes.  Then,  after  integration 
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Of  (3.58),  satisfying  the  conditions  MCr^t)  =  0  and  M(a,t)  =  0 
gives  the  following  two  equations: 


2<§  -§) 

v'(?  +  1)(2?  +  1)  -  =  [xe  3  -  l] 


e2*(? 


+  1) 


(3.63) 


V'(§  +  l)(3e25  -  3)  -  4§)  -  V^'Oe25  -  3  -  6%  -  2§2) 

r  2^s"*^  2£  i  2 F  2 

=  L3Xe  (e  S  -  l)/2  -  (1  +  ?)Je  ?(§  +  1)Z 


(3.64) 


Alternatively,  (3.63)  and  (3.64)  are  obtainable  from  (3.60)  and  (3.61), 

which  govern  mechanism  2,  by  setting  n=l(o  =0,  r  =0)  and  n'  =  0. 

1  fo  o  1 

3.8.4  Rectangular  Pulse — Mechanism  2,  Phase  1  (0  <  t  <  t  ) 

_ _ _ o _ 

Specializing  to  a  rectangular  pulse,  a  solution  of 

(3.59) ,  (3.60),  and  (3.61),  is  obtainable  if  we  assume  that  §  and  t) 
are  constants  while  the  load  is  applied.  Thus  we  set  5'  =  r/  =  0  in 

(3.60)  and  (3.61),  and  substitute  V'  from  (3.59).  Note  that  X  =  p  /p 

m  s 

is  a  constant  for  a  rectangular  pulse.  Equations  (3.60)  and  (3.61)  now 
become 

2<?s“5)  3 

2(5  +  n)  =  Xe  “  T1  (2  -  T))  (3.65) 

2(V^r  21? 

2(?  +  n)(l  +  V  =  Xe  L 3e  Hz,  -  1  +  ti) 

(3.66) 

+  5(3  -  6r\  +  6n2  -  2r)3)  +  3(1  -  n)J 

The  lower  bound  of  X  causing  deformation  by  mechanism  2  can  be  found 
by  substituting  ri  =  1  (pQ  =  0)  in  (3.65)  and  (3.66).  In  this  way,  we 
obtain 

2?s  2? 

Xe  =  2(5  +  l)e  5  (3.67) 

where  5  is  determined  by  the  equation 

35e2?  =  1  (3.68) 


125 


4 


From  (3.67)  and  (3.68),  \  ^2  and  F  =  0.216  (px  =  0.805). 

For  a  given  value  of  X  >  2,  (3.67)  and  (3.68)  fix  the 
initial  values  of  F  and  t).  and  hence  of  and  . 

The  pulse  ends  at  a  time  t  *  t  (t/  =  T  ')  and,  if 

o  o 

the  velocity  of  the  plate  center  at  this  time  is  Vq,  integration  of 
(3.59)  gives 

2E 

V  =  1/2  \e  t  '  =  I  /m 

o  o  o 

Now  V  =  p  t/m;  therefore,  by  integration,  the  central  deflection  6 

in  o 

at  time  t  is 
o 

2?S  2 

V  =  1/12  \e  s  =  p  /12\  (3.69) 

o  s 

where  we  have  introduced  the  dimensionless  deflection 


v  =  6/(I2a2/mM  ) 
o  o 


3.8.5  Rectangular  Pulse— -Mechanism  2,  Phase  2  (tQ  <  t  <  t^ 

When  t  >  tQ  no  pressure  is  acting,  so  that  X  =  0 

and  hence,  from  (3.59),  v'  =  0.  Thus  the  central  region  of  the  plate, 

0  £  r  £  r  (t),  moves  at  a  constant  velocity  V  =  I  /m.  It  is  evident 
o  o  o 

from  (3.60)  and  (3.61)  that  E,  and  n  can  no  longer  be  treated  as 
constants.  Introducing  now  a  new  dimensionless  time, 


T  =  12M  (t  -  t  )/ma2V  =  12M  (t  -  t  )/I  a2 
o  o  o  o  oo 


(3.60)  and  (3.61)  become 


§'[f,(6  -  8n  +  3n2)  +  rid  -  r])(4  -  3n>]  +  -n't 250  -  2^) 


(3.70) 


+  n(4  -  3r))]  =  e^(§  +  r\)2/r? 


► 


*r 


« 


126 


(3.71) 

where  the  primes  denote  differentiation  with  respect  to  t. 

The  numerical  technique  is  described  in  detail  in 

Refs.  5  and  11  but,  briefly,  it  consists  of  putting  (3.70)  and  (3.71) 

in  the  form  d^/df|  =  -P( E,,  r})/Q( rp  and,  starting  from  the  initial 

values  of  and  r|  obtained  from  (3,65)  and  (3.86),  computing  the 

trajectory  in  the  (^,r])  plane  (method  of  isoclines)  until  n  =  1.  The 

duration  of  phase  2  is  found  by  summing  the  increments  h%/%'  along 

the  trajectory.  If  phase  2  ends  at  time  t  ,  the  central  deflection 

occurring  in  phase  2  is  •&,  -  6  =  V  (t,  -  t  ).  In  terms  of  v  and 

1  o  o  1  o 

T,  we  have 

Vj  -  VQ  =  Tj/12  (3.72) 

with  \)Q  given  by  (3.69). 

3.8.6  Rectangular  Pulse— Mechanism  1,  Phase  3  (t  <  t  <  t  ) 

X  z 

The  equations  governing  the  final  phase  of  motion, 
obtained  by  setting  T)  =  1,  t/  =  0,  and  \=  0,  in  (3.60)  and  (3.61), 
are 


C'(?  +  1  )(2^  +  1)  -  CS'S  =  “  (?  +  l)2e2?  (3.73) 

C'(S^  +  l)(3e2?  -  3  -  4!p  -  C?'<3e2?  -  3  -  -  2§2)  =  -(§  +  l)3e2? 

(3.74) 

where  Q  =  V/vq  and  primes  denote  differentiation  with  respect  to  t. 
From  (3.73)  and  (3.74),  we  find  that 


(  +  1  \  exn 

f  (1  " 

l  ?,  * » ; “p 

J  4  +  7§  +  2^2  -  3e2^ 

n  (3 
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where  F  is  the  value  oi  P  and  the  end  or  phase  2. 


Motion  ceases  when  V  =  0  or  C  -  0  and  this  occurs 

2  22 

when  F  =  F  sb  0.478,  which  is  the  solution  of  4  +  7F  +  2F  -  3e“^  =  0. 
Let  t2  be  the  value  of  t  when  motion  ceases.  Then 


.  P 


'2 


T  _T  =  f*L=  f  <3^  -  -  6g  -  3)C  dP _  (3  76) 

2  1  J  ■  J  e2^  +  1  )(4  +  7§  +  2F2  -  3e2?) 

h  h 

Finally,  let  the  central  deflection  by  &2  when  t  =  Tg.  Then 

To 

.2 


'6i=  1ST  / 


V  dT 


and  hence 


=  1_  f  (3e2?  -  4p2  -  6g 

V!  12  J  e2§(5;  +  1)(4  +  7g.  + 


.ZJK*L— 

2  „  2F. 

2§  -  3e 


(3.77) 


where  is  given  by  (3.72)  and  Q  by  (3.75). 


3.8.7  Rectangular  Pulse — Mechanism  1,  Phase  1  (0  <  t  <  t 


When  the  pressure  lies  between  pg  and  2p^,  the 


equations  governing  the  motion  during  phase  1  are 
V'(2? 


V'(3e2-  -  3  -  45)  = 


[  2<§  -?) 

+  1)  =  \e 


e2?(^  +  1) 


(3.78) 


3Xe 


l)/2  -  (P  +  1) 


2  F 

e  s(^  +  1) 

(3.79) 


where  the  primes  denote  differentiation  with  respect  to  t'.  These 
equations  can  be  obtained  by  setting  -q  =  1»  V  =  0,  and  §'  =  0  in 
(3.60)  and  (3.61). 
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VVo  = 


2 (f  -?) 


1-1/Xe 


(c+l)2/3f2?+l)2 


/ 

'1 


2~  2  2 
( 3e  -4*  -6~-3)r  dg 

2»  p""*  2? 

e  (  l)(-l+7"+2*  -3e  >) 

(3.83) 


where  vq  is  given  by  (3.82),  |  =  0.478,  and  ^  is  the  solution  of 

(3.80). 


3.S.9  Relationship  among  Central  Deflection,  Pressure, 
and  Impulse 

Figure  3.16  gives  a  curve  of  X  versus  v  which  shows 

the  relationship  among  the  final  central  deflection  6,  the  pressure  i 

and  the  impulse  per  unit  area  I  for  a  clamped  plate.  Whenever  X  > 

o 

the  curve  is  obtainable  from  (3.69),  (3.72),  and  (3.77):  whenever 
1  <  X  <  2  is  is  obtainable  from  (3.82)  and  (3.83).  Also  shown  in 
Fig.  3.16,  for  comparison, is  the  X  versus  v  curve  for  a  simply 


•'•-8/llf 
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FIG.  3.16  PRESSURE-IMPULSE-CENTRAL 
DEFLECTION  RELATIONSHIP 
FOR  CLAMPED  AND  SIMPLY 
SUPPORTED  PLATES 
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supported  plate  (taken  from  Fig.  3.12).  In  using  Fig.  3.16  it  should 

2  2 
be  noted  that  p^  =  eM^/r^  for  clamped  plates  and  =  6M^/a  for 

simply  supported  plates.  The  former  is  1.875  times  the  latter. 

Figure  3.17  is  a  pressure-impulse  diagram  which  shows 

how  the  pressure  and  impulse  must  be  varied  to  provide  the  same  central 

deflection  of  a  clamped  plate.  In  other  words,  points  on  the  curve 

define  a  family  of  rectangular  pulses,  each  member  of  which  produces 

the  same  central  deflection  of  a  clamped  plate.  (The  corresponding 

curve  for  a  simply  supported  plate,  shown  in  Fig.  3.13,  lies  almost  on 

top  of  the  curve  in  Fig.  3.17.)  The  coordinates  have  been  rendered 

dimensionless  by  using  X  =  p  /p  and  I  /I,,  where  I,  is  the  ideal 

ms  o  1  1 

impulse  producing  the  same  central  deflection  as  each  member  of  the 

family  of  rectangular  pulses.  The  formula  giving  the  central  deflection 

„  2  2 

due  to  an  ideal  impulse  is  that  given  in  Ref.  4,  namely  =  0.07  I^a  /mM^ 
or  Vj  -  0 .  07 . 


FIG.  3.17  PRESSURE-IMPULSE  DIAGRAM 
FOR  CLAMPED  PLATES 
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From  Figs.  3.16  and  3.17,  the  following  conclusions 

are  drawn: 

1.  For  a  given  impulse,  the  central  deflection  5 
increases  monotonically  with  the  pressure  p  , 
becoming  a  maximum  equal  to  6j  above  when 
the  pressure  is  infinite  (ideal  impulse). 

2.  Again,  for  a  given  impulse  value,  rectangular 
pulses  with  pm  >  6pg,  (\  >  6),  produce  deflections 
of  simply  supported  and  clamped  plates  which  are 
respectively  over  35  and  90%  of  the  deflection 
caused  by  an  ideal  impulse  (see  Fig.  3.16). 

3.  For  a  given  central  deflection,  Fig.  3.17  shows 
that  as  the  pressure  is  decreased  from  infinity 
to  a  value  corresponding  to  \  sr  6,  the  increase 
in  impulse  necessary  to  maintain  that  deflection 
is  less  than  7%.  Larger  increases  are  necessary 
as  \  decreases  further,  especially  in  the 
range  1  <  \  <  2. 

3.9  Circular  Plates  under  Uniformly  Distributed  Impulses: 

Comparison  of  Theory  and  Experiment 

In  this  section  we  shall  describe  experiments,  present  results, 
and  compare  them  with  the  corresponding  predictions  of  the  bending 
theory  of  rigid-plastic  plates  with  a  view  to  establishing  the  useful¬ 
ness  of  the  theory.  In  the  experiments,  each  simply  supported  and  each 
clamped,  circular  plate  is  subjected  to  an  impulse  (pulses  of  extremely 
short  duration)  uniformly  distributed  over  the  envire  area.  The  per¬ 
manent  central  deflections  and,  for  a  few  of  the  simply  supported  plates, 
the  shape  are  compared  with  the  results  of  the  rigid-plastic  theory 
using  an  ideal  impulsive  loading  (zero  duration).  The  theoretical 
results  are  extracted  from  Refs.  4  and  5. 

In  Section  2.12  a  similar  correlation  for  beams  pointed  out  that 
the  rigid-plastic  theory  was  sufficiently  accurate  for  many  engineering 
applications.  Five  series  of  beam  experiments  were  performed  and  for 
each  series  the  average  ratio  of  experimental  to  theoretical  central 
deflection  was  found  (see  Table  2.4).  These  five  averages  fell  between 
0.67  and  0.77.  However,  to  ensure  a  minor  role  for  elastic  effects,  it 
was  necessary  that  the  ratio  R  of  kinetic  energy  input  to  elastic 
strain  energy  capacity  be  greater  than  2  to  3.  We  shall  also  see  that  for 
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plates , correlation  of  the  final  central  deflection  ratios  is  satisfactory, 
but  now  large  deflections  cause  a  limitation.  Deterioration  of  agree¬ 
ment  becomes  pronounced  when  the  ratio  of  predicted  deflection  to  plate 
radius  exceeds  values  around  1/3.  The  deterioration  is  due  to  membrane 
forces  unaccounted  for  by  the  theory.  If  the  de. lections  are  small 
enough,  the  elastic  energy  becomes  significant,  but  the  limited  experi¬ 
mental  data  available  do  not  establish  a  lower  bound  o.'  R  fcr  good 
agreement.  However,  in  one  of  the  three  series  of  experiments  reported 
here  R  was  as  small  as  4  and  correlation  was  still  satisfactory. 

3.9.1  Theoretical  Results 

After  being  subjected  to  a  uniformly  distributed  im¬ 
pulse,  the  final  axi symmetric  shape  of  a  simply  supported  circular  plate 

of  rigid-plastic  material  obeying  the  Tresca  yield  condition  and  associ- 
4 

ated  flow  law  is 


w  =  l“a2(l  -  r/a)[3  +  2r/a  +  (r/a )2] /24mM  (3.84) 

o 

which  gives,  for  the  central  deflection,  the  formula 

6  =  I2a2/8mM  (3.85) 

o 

In  (3.84)  and  (3.85),  I  and  m  are  the  impulse  and  mass  per  unit  area, 
a  is  the  plate  radius,  and  is  the  fully  plastic  moment  per  unit 

arc  length. 

When  the  plate  is  clamped  against  rotation  the  central 

deflection  is 

6  =  0.56  I2a2/8mM  (3.86) 

o 

Before  turning  to  the  experiments,  the  expression  will 

be  derived  for  the  ratio  R  between  the  kinetic  energy  input,  which 

equals  the  plastic  work  done,  and  the  elastic  strain  energy  capacity  of 

the  plate.  Let  the  maximum  elastic  bending  moment  per  unit  length  by 
2 

M  .  Then  M  =  a  d  /6,  where  a  is  the  yield  stress  and  d  is  the 
e  e  o  o 
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plate  thickness.  If  this  moment  is  applied  uniformly  around  the  cir¬ 
cumference  of  the  plate,  a  state  of  pure  bending  exists.  This  is  the 

state  of  maximum  bending  strain  energy  which,  per  unit  area,  is 

2  3  2 

M  /(I  +  v)C,  where  v  is  Poisson's  ratio  and  D  =  Ed  /12(1  -  v  )  is 
e 

the  flexural  rigidity,  E  being  Young's  modulus.  The  kinetic  energy 

2  2 
delivered  per  unit  area  is  I  /2m,  so  the  energy  latio  is  R  =  31  E / 

2  2 

2cQd  (1  -  v),  where  q  =  m/a  is  the  mass  density. 

3.9.2  Description  of  Experiments 

The  simply  supported  plate  experiments  vere  performed 
with  plates  of  6061-T6  aluminum  and  1018  cold-rolled  steel,  all  nominally 
1/4- inch  thick  and  8-1/2  inches  in  diameter.  They  were  simply  supported 
on  a  heavy  steel  annulus  at  a  diameter  of  8  inches.  Figures  3.18  and 
3.19  show  the  experimental  arrangement.  The  impulse  was  generated  by 
sheet  explosive  rolled  to  a  uniform  thickness  and  cut  out  to  form  a  disk 
8  inches  it  diameter.  This  was  placed  over  a  similar  disk  of  solid  neo¬ 
prene  attenuator  nominally  1/8-inch  thick  which  in  turn  was  layed  cen¬ 
trally  over  the  plate.  The  neoprene  was  used  to  reduce  the  high  peak 
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FIG.  3.18  EXPERIMENTAL  SET-UP  (arranged  for  simply 
supported  plates) 
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FIG.  3.19  EXPERIMENTAL  ARRANGEMENT 


pressure  in  the  shock  wave  from  the  explosive  in  order  to  eliminate 
plastic  waves  in  the  plate,  possible  changes  in  material  properties, 
and  spalling.  A  five-grain  mild  fuse  was  used  to  detonate  the  explosive. 
The  detonation  velocity  (0.28  in/Fsec)  is  supersonic  relative  to  the 
maximum  plate  velocity  (0.21  in/Fsec),  and  the  initiation  point  is  at 
the  center  of  the  plate,  so  it  is  assumed,  by  analogy  with  beam  results,*' 
that  simulation  of  an  ideal  impulse  simultaneously  applied  over  the  whole 
plate  is  satisfactory.  As  can  be  seen  ia  Figs.  3.18  and  3.19,  a  steel 
annulus  was  placed  over  the  supporting  annulus  to  control  the  plate  as 
it  rebounded.  Sufficient  clearance  was  provided  between  the  two  annuli 
by  means  of  spacers  to  prevent  the  edge  of  the  plate  striking  the  upper 
annulus  as  it  deforms  plastically. 


t 

The  clamped  plate  experiments  were  performed  with 
plates  of  6O6I-T6  aluminum,  all  nominally  1/4-inch  thick  and  3-3/4 

inches  in  diameter.  Using  the  two  steel  annuli  shown  in  Figs.  3.18  and  , 

3.19,  with  inner  diameters  of  8  inches,  the  plates  were  clamped  to  pre¬ 
vent  rotation  but  not  radial  displacements.  Around  the  rim  of  each 
plate  at  3/4-inch  spacing,  5/ 8-inch-long  slots  were  cut  so  that  during 
deformation  circumferential  membrane  forces  in  the  annular  portion  of 
plate  outside  the  8-inch-diameter  circle  were  suppressed.  The  slots  can 
be  seen  in  Fig.  3.20,  which  shows  two  plates  after  impulsive  loading 
(one  sectioned  along  a  diameter). 


FIG.  3,20  CLAMPED  PLATES  AFTER  IMPULSIVE  LOADING 


For  the  explosive-attenuator-plate  configuration 
described  above,  the  impulse  imparted  was  obtained  by  firing  free  plates 
in  front  of  a  double-flash  X-ray  unit.  The  rigid-body  displacement  in 
the  predetermined  time  between  radiographs  gives  the  plate  velocity. 

It  was  found  that  for  each  plate  material  the  velocity  injparted  was 
proportional  to  the  thickness  of  explosive  over  a  range  from  15  to  60 
mils,  the  range  of  interest  in  the  plate  deformation  experiments.  This 
procedure  thus  provided  a  simple  linear  calibration  curve  of  impulse 
versus  explosive  thickness.  The  constant  slope  of  this  curve  is  ex¬ 
pressible  as  impulse  per  unit  volume  of  explosive  with  units  dyne  sec/ 

2  3 

cm  /mil  or  dyne  sec/cm  and  is  given  the  symbol  I  .  Values  of  I 

o  o 

for  the  aluminum  and  steel  plates  are  listed  in  Table  3.2. 
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1‘IIOI‘KKTI  KS 


Matenu  l 

Modulus 
<  ll»/ in- ) 

If 

Vi  (*ld 

Stress 

<ll»/i*»“> 

n 

Mass 
I>(’?ISitV 
(lit  sec  /In  > 

Plate 
Ne|»tli 
(  Inc  h) 
d 

Plate 

Kadi  us 

( i nches ) 

a 

1  Bl|  II 1  M  ■ 

C«»nstar.l 
(dyne  MT/cni*  ) 

1 

o 

Al.  GOii  l-TG 

10  *  1116 

42, non 

0.000263 

0.251 

4 

2,r.  x  inJ 

<\R.  steel  ioih 

:io  x  in 

~9,  DIM) 

0.000732 

0.241 

4 

2.7  x  10J 

The  plate  materials  were  chosen  because  of  the  small 
strain-hardening  moduli  and  because  they  are  believed  to  be  insensitive 
to  strain  rate  (especially  the  6061-T6  aluminum  alloy). 

To  determine  the  yield  stress,  an  average  value  was 
taken  of  static  tensile  tests  with  specimens  cut  with  and  across  the 
grain.  Each  stress-strain  curve  was  replaced  by  two  straight  lines, 
the  slope  of  the  strain-hardening  portion  being  obtained  by  curve 
fitting  to  about  3%  strain.  The  ordinate  of  their  point  of  inter¬ 
section  was  taken  as  the  yield  stress. 

In  addition  to  permanent  central  deflections,  changes 
in  thickness  at  the  center  and  near  the  support  was  measured.  In  a 
few  cases  deflections  along  a  radius  were  measured  to  give  a  plate 
profile.  The  deflection  measurements  will  be  compared  with  the  pre¬ 
dictions  of  formulas  (3.84),  (3.85),  and  (3.86). 

3.9.3  Experimental  Results  and  Observations 

Table  3.2  contains  the  materials,  properties,  and  the 

impulse  constants  Iq  mentioned  above.  Tables  3.3  and  3.4  contain 

the  results  of  experiments  with  simply  supported  and  clamped  plates, 

respectively.  The  symbol  6ex  stands  for  the  experimental  central 

deflection  and  6  .  stands  for  the  theoretical  central  deflection 
th 

according  to  (3.85)  or  (3.86).  The  right-hand  column  of  Tables  3.3 

and  3.4  show  the  central  deflection  ratios  6  /6..  which  are  used  as 

ex  th 

a  measure  of  the  accuracy  of  the  rigid-plastic  theory.  Figures  3.21 
and  3.22,  showing  the  variation  of  the  central  deflections  with  impulse, 
assist  the  comparison  of  theoretical  and  experimental  values. 
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Figures  3.23  and  3.24  provide  a  comparison  of  theoretical  and 
mental  shapes  for  a  few  simply  supported  plates.  Figure  3.25 
profiles  of  several  clamped  plates;  the  theoretical  profile  i 
explicitly  available  in  the  literature. 


experi- 
shows  the 
not 
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KXPKH I MKNTA I.  IJKSUI.TS  PON  SIMPI.Y  SUPWUTVh  P1ATKS 


Ma  t  t*r  i  a  1 

Kxpt*ri»'nl 

No. 

Impulsr 

KiiL-rKg 

/n 

t'X 

\i/a 

ex  th 

2 

(Ih  hoc/ In  ) 

<<lyn«-  wc/i'in^) 

It 

Al.  6<)61-T6 

1 

0.317 

21,900 

76 . 5 

0.421 

1.195 

0.352 

2 

0.289 

19, 900 

63.7 

0.312 

0.994 

0.314 

:i 

0.2HH 

19, 900 

63.3 

0.344 

0.989 

O.  348 

4 

0.2H3 

19, 500 

61.2 

0. 333 

0.956 

0.348 

0.244 

16,800 

45.2 

0.253 

0.706 

0.358 

6 

0.240 

16,600 

41.1 

0.  268 

0.688 

0.369 

7 

0.240 

16,600 

44.1 

0.261 

0.688 

0.380 

H 

0,  240 

16,600 

43.8 

0.264 

0.CM4 

0.387 

9 

0.221 

15,200 

37.  1 

0.253 

0.579 

0.437 

10 

0.219 

15, 100 

36.7 

0.243 

0.573 

0.425 

11 

0.  192 

13,200 

28. 1 

0.  199 

0.438 

0.455 

12 

0.191 

13,200 

27.7 

0.222 

0.433 

0.  514 

13 

0.184 

12 , 700 

25.8 

0.  188 

0.  403 

0.467 

14 

0.  149 

10,300 

16.9 

0.155 

0.264 

0.588 

15 

0.144 

9,900 

15.8 

0.152 

0,247 

0.615 

16 

0.142 

9,800 

15.3 

0.127 

0.239 

0.533 

17 

0.141 

9,700 

15.1 

0.147 

0.235 

0.625 

1H 

0.  139 

9,600 

14.6 

0.134 

0.228 

0.588 

19 

0.136 

9,400 

14.  1 

0.122 

0.221 

0.551 

20 

0.  123 

8,  500 

11.6 

0.098 

0.181 

0.541 

21 

0.118 

8, 10O 

10.6 

0.116 

0.  J65 

0.700 

22 

O.  108 

7,400 

8.9 

0.09S 

0.139 

0.715 

C.R .  steel  1018 

1 

0.  SOS 

34,800 

61.7 

0.261 

0.629 

0.414 

2 

0.501 

34,600 

60.8 

0.251 

0.620 

0.410 

3 

0.450 

31,000 

49.0 

0.224 

0.500 

0.448 

4 

0.436 

30, 100 

46. 1 

0.215 

0.471 

0.456 

5 

0.414 

28,600 

41.4 

0.211 

0.423 

0.498 

6 

0.359 

24,800 

31.3 

0. 193 

0.319 

0.603 

7 

0.349 

24,100 

29.5 

0.175 

0.301 

.0. 582 

H 

0.344 

23, 700 

28.7 

0. 167 

0.292 

o:w 

9 

0.331 

22,800 

26.6 

0.152 

0.271 

0.563 

10 

0.314 

21,600 

23.9 

0.135 

0.243 

0.553 

11 

0.312 

21,500 

23.fi 

0. 143 

0.241 

0.595 

12 

0.272 

18,800 

17.9 

0.114 

0.183 

0.623 

13 

0.258 

17,800 

16.  1 

0.097 

0.164 

0.590 

14 

0.215 

14,800 

11.2 

0.077 

0.114 

0.674 

15 

0.157 

10,800 

6.0 

0.032 

0.061 

0.519 

16 

0.  156 

10,800 

5.9 

0.031 

0.060 

0.507 

17 

0.  156 

10,800 

5.9 

0.036 

o.oeo 

0.595 

18 

0.  153 

10,600 

5.6 

0,045 

0.058 

0.786 

19 

0.123 

8,500 

3.7 

0.024 

0.038 

0.625 

20 

0.121 

8,300 

3.6 

0.025 

0.036 

0.676 

*Value  of  Poisson's  ratio  la  taken  to  be  v  *  0,3. 
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FIG.  3.21  CENTRAL  DEFl.ECTION-IMPULSE  RELATIONSHIP 
FOR  SIMPLY  SUPPORTED  PLATES 


FIG.  3.22  CENTRAL  DEFLECTION-IMPULSE 

RELATIONSHIP  FOR  CLAMPED  PLATES 
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FIG.  3.23  DEFLECTION  CURVES  FOR  SIMPLY  SUPPORTED 
PLATES  —  Al.  6061-T6 
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Measurements  of  the  plate  thickness  indicate  thinning 
at  the  centers  and  thickening  at  the  supports.  In  the  series  of  simply 
supported  aluminum  plates,  the  extent  of  thinning  increased  gradually 
with  increasing  impulse  to  8%  at  the  maximum  impulse.  Thickening  in¬ 
creased  similarly  to  6%.  In  the  series  of  simply  supported  steel  plates, 
the  corresponding  maximum  values  were  4%  and  4%.  In  the  series  of 
clamped  aluminum  plates,  the  maximum  values  were  9%  and  less  than  1%. 

The  thickness  changes  are  indications  of  membrane  forces  increasing  with 
central  deflection. 


The  main  observation  to  be  made  is  that  within  certain 
limits  to  be  described,  the  rigid-plastic  theory  does  serve  as  a  reason¬ 
able  first-order  theory.  The  lower  limit  of  the  useful  range  is  deter¬ 
mined  by  the  energy  ratio  R,  which  gives  a  measure  of  elastic  effects. 

In  the  present  series  of  experiments,  minimum  values  of  R  are  9  and  4 
for  the  simply  supported  aluminum  and  steel  plates,  and  R  =  16  for  the 
clamped  aluminum  plates.  At  these  values  correlation  is  at  its  best, 
although  for  steel  a  leveling  off  of  correlation  is  detectable  between 
R  =  ’1  and  R  =  4  (unfortunately  the  scatter  is  worst  in  this  region). 

A  reasonable  guide  for  the  lower  limit  of  the  range  of  applicability  of 
the  theory  may  be  taken  as  R  =  4.  For  the  upper  limit  a  suitable 
criterion  is  a  maximum  value  for  the  ratio  of  the  theoretical  central 
deflection  to  the  plate  radius  (a  measure  of  the  "cone  angle"),  suggested 

6..  <  1/3  Tables  3.3  and  3.4  show  that 
th 


here  as  /a  sss  1/3.  Whenever 

th 


6/6..  >  0.5. 
ex  tn 


It  is  interesting  to  compare  Figs.  3.21  and  3.22  with 
Figs.  2.28  and  2.29  for  beams.  The  main  difference  is  that  when  the 
central  deflections  become  large  (say,  6tjj/a  >  1/3)  correlation  deterio¬ 
rates  rapidly  for  plates  but  remains  satisfactory  for  beams.  This  is 
due  to  the  increasing  significance  with  deflection  of  the  plate  membrane 
forces. 


Figures  3.23  and  3.24  indicate  a  satisfactory  prediction 
of  the  deflected  shape  of  a  simply  supported  plate  except  at  the  center 
where  a  discontinuity  of  slope  is  predicted.  Although  no  theoretical 
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shape  is  readily  available  i'or  clamped  plates,  the  theory  does  predict 
a  discontinuity  of  slope  at  the  support  due  to  the  actio,:  of  a  stationary 
plastic  hinge  circle.  The  experimental  evidence  of  a  "discontinuity"  of 
slope  at  the  support  (that  is,  a  very  rapid  change  of  slope)  is  given 
by  Figs.  3.23  and  3.24. 
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CHAPTER  4 


DYNAMIC  ELASTIC  AND  PLASTIC  PULSE  BUCKLING  OK  BARS 

by 

H.  E.  Lindberg 


4.1  Introduction 


For  about  a  century  it  has  been  recognized  that  structures, 
particularly  those  made  from  high-strength  alloys,  must  be  designed 
to  resist  static  buckling  from  high  compressive  stresses.  However, 
buckling  from  dynamic  loads  has  received  serious  attention  only  since 
World  War  II,  and  only  within  the  last  10  years  has  a  basic  understanding 
of  buckling  under  explosive  loads  been  developed.  This  development 
followed  closely  the  introduction  of  high-speed  electronic  and  photo¬ 
graphic  instrumentation  to  observe  such  buckling,  which  can  occur  in  a 
small  fraction  of  a  millisecond.  The  present  chapter  gives  the  funda¬ 
mentals  of  dynamic  buckling  using  a  simple  pinned  bar  to  give  the  theory 
in  its  simplest  possible  form.  In  Chapter  5  this  theory  is  applied  to 
cylindrical  shells  under  radial  pressure  pulses. 

Physical  evidence  of  dynamic  buckling  can  take  on  very  different 
aspects,  depending  upon  the  nature  of  the  applied  load.  This  is  illus¬ 
trated  in  Fig.  4.1,  which  shows  two  identical  simple  columns  subjected 
to  axial  loads  with  differing  time  histories.  In  the  column  on  the  left 
the  peak  load  is  less  than  the  static  buckling  load,  but  it  oscillates 
at  a  critical  frequency  that  induces  large  growth  of  lateral  vibrations. 
The  critical  relation  between  the  load  frequency  Li  and  the  natural 
frequency  uj  of  the  bar  is  Q  =  2a;  .  In  the  column  on  the  right,  the 
load  is  much  greater  than  the  static  buckling  load  but  it  is  applied 
for  only  a  short  time.  Under  such  a  load  the  bar  deforms  monontonically 
into  a  very  high  order  pattern  with  no  oscillations.  The  critical  con¬ 
dition  in  this  case  is  a  duration  of  load  application  sufficiently  long 
to  produce  plastic  bending  strains  or  excessively  large  displacements. 
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FIG.  4.1  VIBRATION  BUCKLING  AND  PULSE  BUCKLING 


In  the  mathematical  formulation  of  both  of  these  problems,  the 
underlying  feature  is  the  appearance  of  a  parameter  involving  the  load 
that  multiplies  the  lateral  displacement.  Thus,  dynamic  buckling  can 
be  defined  as  dynamic  response  of  structural  systems  induced  by  time- 
varying  parametric  loading.  Both  problems  in  Fig.  4.1  fall  within  this 
definition.  However,  problems  involving  parametric  oscillations,  as  in 
the  bar  on  the  left,  have  a  somewhat  longer  historical  background  than 
problems  involving  monotonic  parametric  growth,  as  in  rhe  bar  on  the 
right.  Consequently,  the  terms  dynamic  buckling  and  dynamic  stability 
were  first  associated  with  oscillation  problems.  This  association  was 
accentuated  by  the  appearance  in  1956  of  a  book  by  V.  V.  Bolotin^  in 
which  he  defined  "the  theory  of  the  dynamic  stability  of  elastic  systems 
as  the  study  of  vibrations  induced  by  pulsating  parametric  loading." 
However,  as  more  work  is  done  on  buckling  from  single  pulses,  the  term 
dynamic  buckling  is  taking  on  the  more  general  definition  adopted  here. 

Nevertheless,  it  is  still  useful  to  divide  dynamic  buckling 
problems  into  two  groups,  corresponding  to  the  two  examples  in  Fig.  4.1, 
because  to  a  large  extent  occillation  problems  are  associated  with 
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conventional  vibration  analysis,  while  single  pulse  problems  are  asso¬ 
ciated  with  impact  and  explosive  loads.  These  two  types  of  buckling  can 
therefore  be  appropriately  called  vibration  buckling  and  pulse  buckling. 
Chapters  4  and  5  are  concerned  almost  entirely  with  pulse  buckling.  A 
detailed  account  of  vibration  buckling  is  given  in  the  book  by  Bolotin. 

Since  pulse  buckling  is  so  very  different  from  static  buckling, 
before  the  detailed  theory  is  given  it  is  illustrative  to  examine  the 
forms  of  buckling  to  be  considered.  Several  structural  elements  buckled 
from  pulse  loads  are  shown  in  Pig.  4.2.  A  common  feature  in  all  these 
examples  is  that  the  buckling  is  in  very  high  order  inodes.  This  is  a 
consequence  of  the  extremely  high  membrane  stresses  induced  by  intense 
pulse  loads.  The  first  three  examples  (Figs.  4.2a,  b,  c)  are  of  very 
thin  structures  in  which  plastic  bending  has  taken  place  in  a  pattern 
established  by  initial  dynamic  elastic  buckling  motion.  The  thin  strip 
in  Fig.  4.2a  was  buckled  from  a  40,000-psi  elastic  stress  wave  eminating 
from  a  jaw  gripping  the  left  end.  The  thin  cylinder  (radius-to-thickness 
ratio  a/h  =  480)  in  Fig.  4.2b  was  rolled  from  sheet  metal  of  the  same 
thickness  as  the  strip  in  Fig,  4.2a  and  was  subjected  to  an  impulsive 
radial  pressure  which  produced  a  hoop  stress  approximately  equal  to  the 
compressive  stress  applied  to  the  thin  strip.  The  wavelengths  of  the 
buckles  are  about  the  same  as  in  the  buckled  strip.  These  lengths 
correspond  to  harmonics  having  from  50  to  100  waves  around  the  circum¬ 
ference.  Figure  4.2c  shows  a  similar  thin  cylinder  (a/h  =  550)  photo¬ 
graphed  while  buckling  from  an  elastic  impact  at  the  lower  end  which 
gave  an  axial  stress  1.5  times  the  classical  static  buckling  stress. 

The  axial  wavelengths  of  the  buckles  are  an  order  of  magnitude  smaller 
than  those  in  large  deflection  static  buckling,  and  the  circumf erenti al¬ 
to-axial  aspect  ratio  of  the  buckles  near  the  impacted  end  averages 
about  3:1  compared  to  about  1:1  in  static  buckling. 

The  other  three  examples  of  buckling  in  Fig.  4.2  show  the  forms 
which  result  when  the  compressive  stress  is  beyond  t.he  yield  stress  and 
buckling  t'tkes  place  during  plastic  flow.  The  solid  aluminum  rod  in 
Fig.  4. 2d  was  impacted  at  its  left  end  at  a  velocity  of  about  500  ft/sec. 
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The  buckles  here  are  much  shorter  in  comparison  to  the-  lateral  dimension 
of  the  bar  than  these  in  tne  elastically  buckled  strip  in  Fig.  4.2a. 

This  is  because  dvri  '.g  /lactic  flow  resistance  to  flexure  is  governed  by 
the  tangent  modulus,  wnich  is  of  the  order  of  100  times  smaller  than 
the  elastic  modulus.  Figuie  4.2e  shows  a  relatively  tMck  (a/'h  5) 

cylindrical  shell  buckled  in  an  axi symmetric  pattern,  again  during 
dynamic  axial  plastic  flow.  The  hemispherical  shell  in  Fig.  4.2f  was 
subjected  to  an  intense  impulsive  external  pressure  causing  dynamic 
plastic  flow  in  two  dimensions.  Ov-r  the  top  of  the  hemisphere  the 
shell  is  buckled  into  a  dimpled  pattern  from  the  combined  flew.  Around 
the  edges,  where  the  flow  is  similar  to  that  in  a  cylindrical  shell, 
under  radial  impulse,  a  one-dimensional  wave  pattern  again  appears. 

These  examples  demonstrate  that  dynamic  forms  of  buckling  can 
be  very  different  from  static  forms.  The  corresponding  theories  must, 
therefore  reveal  the  mode  of  buckling  in  addition  to  predicting  the 
pulse  amplitude  and  impulse  that  produce  buckling.  The  theories  de¬ 
veloped  in  the  following  pages  are  motivated  by  experimental  observa¬ 
tions  and  are  compared  to  experimental  results.  Simply  supported  bars 
are  treated  first  in  order  to  give  the  essential  concepts  in  their 
simplest  form.  To  relate  the  dynamic  and  static  problems,  static  elastic 
and  plastic  theories  are  summarized  before  the  dynamic  theory  is  given. 

In  Chapter  a  the  dynamic  concepts  are  applied  to  cylindrical  shells  under 
radial  pressure  pulses. 

4.2  Equations  ot  Motion 

The  simplest  problem  in  elastic  buckling  ir,  that  of  a  simply 
supported  uniform  bar  under  axjal  compression,  as  in  Fig.  4.3.  The 
bar  is  of  length  L  and  supports  an  axial  compressive  force  P.  Its 
cross  section  is  uniform  with  u.xial  distance  x  ,  measured  from  one  end. 
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Deflection  y  is  taken  positive  downward,  and  is  measured  from  an  un¬ 
stressed  initial  deflection  y^(x)  •  An  element  of  length  dx  between 
two  cross  sections  taken  normal  to  the  original  (undeflected)  axis  of 
the  beam  is  shown  in  Fig.  4.3b.  The  shearing  force  V  and  bending 
moment  M  acting  on  the  sides  of  the  element  are  taken  positive  in 

the  directions  showr.  The  inertia  force  acting  on  the  element  is 
2  2 

oA(B  y/dt  )dx,  where  o  is  density  of  the  bar,  A  is  the  area  of  the 
cross  section,  and  t  is  time. 


The  basic  equations  for  the  analysis  of  bar  buckling  are  derived 


eliminating  V  by  means  of  (4.1)  and  M  by  means  of  (4.3)  twice 
differentiated.  The  result  is 
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where  n  is  an  integer.  Using  the  definition  of  k  ,  this  becomes  an 
equation  for  P  . 


P 

n 


n2El 


(4.8) 


Thus,  with  no  initial  deflection,  only  discrete  values  of  P  give  a 
nontrivial  solution,  and  the  magnitude  A  of  the  deflection  is  undeter¬ 
mined. 


Before  discussing  these  solutions  further,  let  us  treat  the  bar 
having  an  initial  shape  yQ(x)  •  The  solution  for  the  perfectly  straight 
bar  suggests  that  yQ(x)  should  be  expressed  by  the  Fourier  sine  series 

00 

yo(x)  =  E  an  sin  TT  <4-9) 

n=l 

The  coefficients  in  this  series  are  found  from 

L 

a  =  \  f  y  (x)  sin  dx  (4.10) 

n  L  J  o  L 

o 

Substituting  (4.9)  into  (4.5)  gives  the  following  differential  equation 
for  the  imperfect  bar. 


mix 


4  „  2  .  2  2 

dy  ,2  d  y  ,2  n  tt 
— 4  +  h  — h  —  K  — r —  a  sin 
,  4  2  2  n  L 

dx  dx  L 


(4.11) 


To  find  a  particular  solution,  we  take 


£.  .  nnx 

An  sin  -r 

n=l 


(4.12) 


When  this  is  substituted  into  (4.11),  the  coefficients  A^  are  found 
to  be 


-k2a 


k2- 


2  2.2 
n  n  /L 


(4.13) 
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The  complete  solution  is  then 


y  =  A  sin  kx  +  B  cos  kx  +  Cx  +  D  -  ^  sin  (4.14) 

n=l  n 

Since  P  ,  and  hence  k  ,  is  arbitrary,  application  of  the  boundary  con¬ 
ditions  (4.7)  gives  A=B=C-D=0  and  the  general  solution  is 
simply 


<o  Pa 

y  =  -z  7TT- 


Ln  n^x 

__  sin 

n=i  n 


(4.15) 


From  this  solution  we  see  that  the  deflection  becomes  arbitrarily 
large  as  P  approaches  the  critical  loads  P^  given  by  (4.8).  How¬ 
ever,  the  dynamic  solution  given  in  subsequent  sections  shows  that  the 
motion  is  unstable  for  any  load  greater  than  the  lowest  critical  load 
P  ,  which,  from  (4.8),  is  g.ven  by 


P  -  jlEI 

1  L2 


(4.18) 


In  the  neighborhood  of  P  =  the  first  term  dominates  the  deflection. 
Neglecting  the  higher  terms,  the  midspan  deflection  for  P  <  P1  is  given 
approximately  by 


6  =  y(L/2) 


_ 1_ 

P  -  P. 


(4.17) 


Figure  4.4a  gives  a  plot  of  deflection  6  from  (4.17)  versus  end  load 

2 

P  .  On  the  basis  of  this  formula,  Southwell  suggested  that  the  critical 
load  could  be  extracted  from  test  data  by  plotting  6/P  versus  6  . 

In  this  form,  (4.17)  becomes 


|  ^  <6  - 


(4.18) 


which  gives  the  straight  line  in  Fig.  4.4b.  The  inverse  of  the  slope 
gives  the  critical  load  P^  and  the  6  intercept  gives  the  coefficient 
a,  as  shown. 
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FIG.  4.4  FORCE-DFFLECTION  CURVE  AND  SOUTHWELL  PLOT 
FOR  SMALL  DEFLECTION  ELASTIC  BUCKLING 


If  the  bar  Is  treated  as  initially  perfectly  straight  but  sub¬ 
jected  to  an  eccentrically  placed  load,  the  Southwell  procedure  can 
still  be  used  to  determine  the  critical  load.  Consider,  for  example, 
that  the  load  is  displaced  from  the  centroidal  axis  by  an  amount  e  , 
equal  at  both  ends.  This  can  be  treated  as  a  bar  having  an  initial  dis¬ 
placement  given  by 


y0(*> 


=  o 


x  /  0,  L 

x  =  0,  L 


(4.19) 


Substituting  this  displacement  into  (4,10),  the  coefficient  of  the  first 
term  in  its  Fourier  expansion  is 


a.  =  —  (4.20) 

1  TT 

Thus,  for  P  in  the  neighborhood  of  P^  the  Southwell  plot  is  as 
described  previously,  and  the  6  intercept  is  now  4e/rr  .  If  the  bar 


is  considered  to  have  both  an  initial  shape  and  some  eccentricity,  (4.18) 
becomes 


5 

P 


(4.21) 


For  real  columns,  in  which  boch  and  e  are  small  and 

difficult  to  measure,  there  is  therefore  no  way  of  telling  in  a  South- 

well  plot  how  much  of  the  deflection  is  caused  :-y  load  eccentricity  and 

how  .mjch  is  caused  by  an  initial  deflection.  I::  experiments  run  near 

3-5 

the  turn  of  the  century,  it  was  found  that  the  experimental  buckling 
deflections  could  be  calculated,*  on  the  average,  u.-ing  values  of  equi¬ 
valent  eccentricity  given  by 


e 


0.06 


2  . 

r  /c 


(4.22) 


where  r  /c  is  the  core  radius  of  the  cross  section,  r  being  the 
radius  of  gyration  and  c  being  the  distance  from  the  elartic  axis  to 
the  outermost  fiber.  For  a  rectangular  bar  of  depth  h  ,  this  gives 
e  =  0.01  h.  In  long  columns,  it  is  reasonable  to  assume  that  initial 
imperfections  in  shape  become  more  important  and  these  can  be  expected 
to  depend  on  the  length  of  the  column.  On  this  basis,  Salmon  found 
that,  although  equivalent  imperfections  from  a  large  collection  of 
experimental  results  scattered  by  an  order  of  magnitude  at  any  given 
length,  both  the  average  amplitude  of  the  imperfections  and  the  range 
of  amplitudes  increased  in  proportion  to  the  length  of  the  bars.  For 
the  longer  columns,  almost  all  imperfections  were  in  the  band 

al 

0.0001  <  <  0.001  (4.23) 

1* 


Several  authors  have  proposed  that  imperfections  depending  on 
both  the  core  radius  and  the  column  lengtl  can  be  expected  to  be  present. 


* 


For  short  columns,  these  calculations  take  into  account  plastic  defor¬ 
mation,  discussed  in  the  next  section. 
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They  suggest  that  a  conservative  estimate  for  an  equivalent  deflection 
including  both  types  of  imperfections  can  be  taken  as 

a,  =  0.1,  r2/c+-|-  (4.24) 

a  750 

In  the  dynamic  problems  in  subsequent  sections,  we  will  see  that  the 
range  of  normalized  imperfections  found  in  static  buckling  give  reason¬ 
ably  good  agreement  with  values  observed  in  dynamic  buckling. 

4. 4  Static  Plastic  Buckling  of  Bars 


If  we  consider  a  sequence  of  simply  supported  bars  of  fixed 
cross  section  but  with  decreasing  length,  the  maximum  load  each  bar  can 

sustain  before  elastic  buckling,  from  (4.16),  increases  as  P  - 

2  2  ^ 
tt  EI/L  .  The  corresponding  stress  is 


(4.25) 


where  the  slenderness  ratio  L/r  is  the  ratio  between  the  bar  length 
and  the  radius  of  gyration  of  the  cross  section.  As  this  ratio  becomes 
smaller,  the  compressive  buckling  stress  from  (4.25)  increases  and 
eventually  approaches  the  yield  stress  of  the  bar  material.  Thus 

we  would  expect  plastic  effects  to  become  important  at  slenderness  ratios 
smaller  than  about 


L 
r 

where  e  is  the  yield  strain, 
y 

yield  stress  near  a  =  40,000  psi  which,  with  F  =  10  x  10'’  psi,  gives 
a  yield  strain  of  0.004.  From  (4.26),  plastic  behavior  would  be  ex¬ 
pected  to  become  important  in  this  material  for  slenderness  ratios 

smaller  than  l/r  =  50.  For  structural  steel,  a  -  45,000  psi, 

6  y 
E  =  30  x  10  psi,  and  therefore  =  0.0015,  and  so  plastic  effects 

must  be  considered  for  slenderness  ratios  as  large  as  L/r  =  80. 

Generally  speaking,  bars  or  columns  with  L/r  >  100  are  called  slender 


'  ’’  K> 

For  example,  6061-76  aluminum  has  a 
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columns  and  buckling  is  predicted  quite  well  by  the  elastic  theory. 

Columns  with  L/r  <  50  are  called  short  columns,  and  plastic  effects 
must  generally  be  considered. 

In  addition  to  reducing  the  load  that  the  bar  could  otherwise- 

carry,  plastic  deformations  change  the  basic  character  of  the  load- 

deflection  curve.  This  is  illustrated  in  Fig.  4.5,  which  gives  load- 

deflection  curves  (in  terms  of 

average  stress  across  the  bar) 

calculated  for  a  simply  supported 

steel  column  having  several  values 

7 

of  load  eccentricity.  In  contrast 
to  the  monotonic  increase  in  load 
with  deflection  typical  of  elastic 
buckling  (Fig.  4.4),  the  plastic 
buckling  curves  exhibit  a  maximum 
value  of  load.  A  further  increase 
in  deflection  is  accompanied  by  a 
decrease  in  load.  Thus,  there  is 
a  range  of  loads  below  the  maximum 
which  have  two  equilibrium  deflec¬ 
tions,  the  smaller  one  being  stable 
and  the  larger  one  unstable.  Near 
the  maximum,  it  is  possible  for 
small  disturbances  to  cause  the 
deflection  to  move  from  the  stable 

to  the  unstable  branch  and  hence  to  still  larger  displacements.  Such 

I 

sudden  jumps  in  displacement  are  actually  observed  in  plastifc  buckling 
experiments  and  account  for  the  wide  scatter  in  observed  plastic  buckling 
loads  compared  to  those  in  elastic  buckling.  Figure  4.5  shows  that  small 
changes  in  imperfections,  represented  here  by  load  eccentricity,  can 
cause  significant  changes  in  the  critical  load. 

To  develop  a  theory  for  plastic  buckling,  we  must  return  to  the 


FIG.  4.5  COMPRESSIVE  STRESS-DEFLECTION 
CURVES  FOR  PLASTIC  BUCKLING 


relationship  between  bending  moment  and  curvature  and  examine  the  in¬ 
fluence  of  axial  force  and  plastic  strains  on  this  relationship.  As  in 


elastic  buckling,  plane  cross  sections  are  assumed  to  remain  plane  as 
the  bar  bends  so  that  axial  strains  vary  linearly  across  the  bar.  An 
element  of  bar  under  this  assumption  with  its  neutral  axis  bent  to  a 


radius  of  curvature 


is  shown  in  Fig.  4.6.  In  the  absence  of  com¬ 
pressive  forces,  the  strain  at  a 
fiber  located  a  distance  z  from 
the  neutral  axis  is 


T 

h, 


+ 


It-ilU-  >1 


z 

P 


(4.27) 


FIG.  4.6  ELEMENT  OF  FLEXED  BAR 


If,  in  addition  to  the  bending 
moment  M  which  produces  this 
curvature,  the  section  also  sus¬ 
tains  an  axial  compressive  force 
P  ,  each  fiber  is  additionally 
compressed  so  that  the  total 
strain  is 


6  =  -  +  6„  (4.28) 

P  c 

The  resulting  stress  distribution  across  the  section  is  given  in 
Fig.  4.7,  in  which  it  is  assumed  that  the  stress-strain  curve  is  the 
same  as  in  a  simple  tension-compression  test. 


In  the  following,  let  us  consider  a  simple  rectangular  bar  of 
depth  h  and  width  b  .  To  find  the  relation  between  the  strain  quan¬ 
tities  ec  and  &  =  h/p  and  the  loads  P  and  M  ,  the  stress  distri¬ 
bution  across  the  section  must  be  integrated.  The  compressive  load  P 
is 


P  = 


-  b 


h/2 


-h/2 


(4.29) 
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FIG.  4.7  STRESS  DISTRIBUTION  UNDER  PLASTIC  THRUST 

AND  FLEXURE  * 


Since  o  is  known  as  a  function  of  strain  e,  it  is  convenient  to  change 
the  variable  of  integration  in  (4.29),  using  (4.28)  in  the  form 


o  =  p(e  -  ec)  ,  dz  =  pde 
In  terms  of  strain,  (4.29)  is  then 


(4.30) 


(4.31) 


This  integral  represents  the  net  area  under  the  shaded  portion  of  the 
stress-strain  curve  in  Fig.  4.7,  multiplied  by  an  appropriate  quantity 
to  give  total  force,  positive  when  compressive. 


t 
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The  binding  moment  about  the  ce 


oidal  axis  is 


h/2 

M  =  b  t  rtyuy 

-h/2 


(4.32) 


which,  using  (4.3C)  us.d  A  =  h/ p  and  I  =  bh  /12,  becomes 


M  = 


(s  -  e  )ode  = 
o 


121 

PA3  < 


(e  -  eo)od£ 


(4.33) 


This  integral  is  the  first  moment  of  the  shaded  area  of  the  stress-strain 
diagram  (Fig.  4.7)  about  the  vertical  dotted  axis.  Equation  (4.33)  can 
be  represented  in  the  form 


M  = 


E"l 

P 


(4.34) 


where 


E 


/  / 


(4.35) 


If  the  material  is  elastic,  then  a  =  Ee  and  (4.35)  gives  ~e“  -  E  so 
tnat  the  moment -curvature  relation  (4.34)  reduces  to  the  elastic  form 
given  in  (4.3). 


Load  deflection  curves  such  as  those  in  Fig.  4.5  are  generated 
using  the  load-strain  relations  just  developed.  This  must  be  done 
numerically,  because  even  for  the  simplest  nonlinear  stress-strain  law 
no  analytical  expressions  can  be  written  to  allow  direct  calculation  of 
deflection  for  a  given  load.  Instead,  the  bar  is  broken  up  into  a  num¬ 
ber  of  longitudinal  segments  of  length  A x.  Values  for  e.  and  e,  at 
the  center  of  the  bar  are  chosen  and  from  these  P,  M,  and  the  radius  of 
curvature  p  are  calculated.  Since  P  and  M  are  known,  the  sum  5^ 
of  the  central  deflection  plus  eccentricity  is  calculated  from  bQ  = 

6  +  e  -  M/P.  Then,  assuming  the  element  A*  is  a  circular  arc  of  radius 
p  ,  the  displacement  and  moment  at  the  next  element  toward  the  support 
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t 

arc  calculated.  These  are  used,  with  a  curve  of  M  vs.  h/c  at  constant 
P  (generated  using  (4.31)  and  (4.33)),  to  calculate  p  for  the  next 
element.  Proceeding  in  this  way  to  the  pinned  support,  the  total  de-  % 

flection  5  between  the  center  of  the  bar  and  the  support  is  calculated. 

Finally,  the  eccentricity  corresponding  to  the  originally  assumed 
and  e2  at  the  center  of  the  bar  is  e  -  5q  -  6.  This  procedure  is  re¬ 
peated  for  many  values  of  and  un+il  curves  can  be  drawn  of  P 

vs.  6  for  various  c  as  in  Fig.  4.5. 

Bounds  for  the  maximum  possible  buckling  load  for  a  perfectly 
straight  bar  having  no  load  eccentricity  (corresponding  to  point  A  in 
Fig.  4.5)  can  be  obtained  very  simply.  To  find  these  bounds  we  need  be 
concerned  only  with  small  perturbations  in  displacement  of  the  perfectly 
straight  bar  under  thrust.  It  is  assumed  that  up  to  the  point  of  buck¬ 
ling  the  increasing  stress  is  uniform  throughout  the  section.  The  upper 
bound  is  found  by  assuming  the  load  is  constant  as  the  influence  of  a 
flexural  perturbation  is  examined.  The  lower  bound  is  found  by  assuming  f 

that  the  load  continuously  increases  as  the  flexural  perturbation  is 
applied.  Arguments  that  these  procedures  yield  upper  and  lower  bounds 
have  been  given  by  Shanley,8 

If  we  treat  the  load  as  constant  as  the  perturbation  in  flexure 
is  allowed,  the  small  bending  stresses,  superimposed  on  the  direct 
stresses  from  the  compressive  load,  are  distributed  through  the  cross 
section  as  depicted  in  Fig.  4.8b.  At  the  fiber  on  the  concave  side  of 
the  bar  the  compressive  strain  increases  and  moves  out  along  the  loading 
curve  from  point  A  to  point  B  in  Fig.  4.8a.  For  small  strain  increments, 
this  increase  in  compressive  stress  can  be  associated  with  the  tangent 
modulus  E. .  In  the  fiber  on  the  convex  side  of  the  bar,  the  strain  in- 
crement  is  tensile  and  is  accompanied  by  unloading,  from  point  A  to 
point  C  in  Fig.  4.8a,  along  the  elastic  modulus  E.  Since  the  compres¬ 
sive  load  is  assumed  constant,  the  net  force  from  the  flexural  stress 
distribution  in  Fig.  4.8b  must  be  zero.  For  the  rectangular  cross  sec¬ 
tion  being  considered  here,  this  condition  gives 
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E  h2  =  Eh2 
t  1  2 


(4.36) 


In  terms  of  the  total  depth  h  =  h  +  h  ,  we  then  obtain 

1  ^ 


tiJT 

T^T  ' 


z7*  /* t 


(4.37) 


Taking  the  first  moment  of  the  area  in  Fig.  4.8b,  the  bending  moment  M 
for  the  rectangular  cross  section  of  width  b  is 


Eh  h  „  3  4E  E . 

„  _  _ 1  _1  2  bh _ t 

P  2  3  "12 Pin?.  rp\2 


(F*  Ft  f 


(4.38) 


This  equation  is  analogous  to  Eq.  (4,3)  for  elastic  bending  (noting  that 
2  2 

1/p  as  d  y/dx  )  with  the  elastic  modulus  E  being  replaced  by  a  reduced 
modulus  Er  given  by 


W*  Ff 


(4.39) 


hh 

p 

n 

jl  j 

j-lliUU 

_L_ 

r  — td 

(b) 

CA37SS 

FIG.  4.8  MOMENT-PRODUCING  STRESSES  FOR  FLEXURE  UNDER 
CONSTANT  THRUST 
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Thus,  in  place  of  (4.3),  the  moment  curvature  relation  is  now 


E  I 
r 

p 


(4.40) 


The  remaining  equations  are  the  same  as  in  elastic  buckling,  so  that  for 
a  simply  supported  bar  the  critical  load  is  given  by  (4.16)  with  E 
replaced  by  E^: 


P 

r 


o 

L 


(4.41) 


This  theory  is  called  the  von  Kantian  reduced  modulus  theory.  From  the 
derivation  of  it  can  be  seen  that  the  reduced  modulus  depends  not 

only  on  the  material  properties  but  also  on  the  shape  of  the  cross 
section.  For  example,  in  an  idealized  1  beam,  in  which  it  is  assumed 
that  one-half  of  the  cross  section  is  concentrated  in  each  flange,  the 
reduced  modulus  is 


2E  E 

E  =  - - ~- 

r  E  +  Et 


(4.42) 


If,  instead  of  taking  the  load  to  be  constant  as  the  bar  flexes, 
it  is  assumed  that  the  load  is  steadily  increased  as  in  a  testing  machine, 
a  lower  effective  modulus  is  obtained.  In  the  initial  stages  of  buckling 
the  increase  in  load  produces  a  strain  which  overrides  the  decrease  in 
strain  on  the  convex  side  of  the  column.  Thus  all  points  throughout  the 
cross  section  lie  on  the  loading  stress-strain  curve,  as  depicted  in 
Fig.  4.9a.  The  state  at  the  centroidal  axis  is  at  point  A,  and  points  B 
and  C,  corresponding  to  the  outer  fibers  on  the  concave  and  convex  sides 
of  the  column,  lead  and  lag  point  A  because  of  the  flexure.  All  three 
points  move  out  along  the  stress-strain  curve  as  the  motion  proceeds. 

In  this  case  the  effective  modulus  is  simply  and  the  buckling  load 

for  a  simply  supported  column  of  any  cross  section  is 

tt2E  1 

Pt  =  --3-  (4.43) 
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As  discussed  in  the  introduction,  the  impact  of  a  nail  is  a  pulse 
buckling  problem,  whereas  a  column  under  an  oscillatory  load  is  a 


vibration  huckling  problem.  In  the  remainder  of  this  chapter  we  will 
examine  several  examples  of  elastic  and  plastic  pulse  buckling  of  bars. 

In  the  pulse  problem  loads  can  be  applied  with  no  appreciable 
buckling  right  up  to  and  beyond  the  elastic  limit,  provided  only  that 
they  are  applied  for  a  short  enough  time.  Because  of  this  feature  in 
the  dynamic  problem,  rather  than  asking  for  the  maximum  load  that  can 
be  carried,  we  specify  a  load  and  ask  for  the  response.  Knowing  how 
the  buckling  grows  with  time,  the  maximum  duration  for  which  the  given 
load  can  safely  be  applied  is  then  determined.  In  Chapter  5  this  pro¬ 
cedure  will  be  applied  to  more  general  problems  in  which  the  load  varies 
continuously  with  time. 

Consider  first  a  simply  supported  bar  under  a  compressive  load 
P,  uniform  throughout  its  length  as  shown  in  Fig,  4.3.  The  force  P 
may  be  much  larger  than  the  critical  Euler  load  P^  but,  for  the  present, 
the  average  compressive  stress  is  assumed  to  be  within  the  elastic  limit. 
To  keep  the  bar  from  buckling  during  application  of  the  load  P,  imagine 
that  it  is  supported  all  along  its  length  by  lateral  constraining  blocks.* 
Then,  at  time  t  =  0,  the  blocks  are  suddenly  removed  and  buckling  motion 
begins.  The  motion  is  governed  by  Eq.  (4.4),  repeated  here. 

a4  a2  a2 

EI  — |  +  P  — 5  (y  +  y  )  +  pA  — ?  =  0  (4.44) 

ax  3x  °  at 

After  dividing  through  by  EI,  it  is  convenient  to  introduce  the  param¬ 
eters 


k 


2 


P__ 

EI 


(4.45) 


* 

In  practice,  the  load  is  suddenly  communicated  to  the  bar  by  an  axial 
stress  wave  (or  waves).  Effects  of  these  waves  are  small  as  will  be 
seen  in  Section  4.3, 


* 
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The  first  two  parameters  have  already  appeared  in  the  static  problem. 
The  new  parameter,  appearing  because  of  the  dynamic  inertia  term,  is 
the  wave  speed  of  longitudinal  stress  waves  in  the  bar.^  Using  these 
quantities,  the  equation  of  motion  (4.44)  becomes 


£z+  k2£i 

dx4  dx2 


1 

2  2 
r  c 


(4. 46) 


As  in  the  static  problem,  the  boundary  conditions  of  zero  mo¬ 
ment  and  displacement  at  the  ends  of  the  bar  give 

32y 

y  =  — §  =  0  at  x  =  0  and  x  ='  L  (4,47) 

dx 

The  solution  to  (4.46)  subject  to  boundary  conditions  (4.47),  as  in  the 
static  problem,  can  be  expressed  by  a  Fourier  sine  series  in  x.  Thus, 
we  assume  a  product  solution 

CO 

y(x,t)  =  2  Qn(T)sin  -222  (4.48) 

n=l 

The  initial  displacement  yQ(x)  is  also  expressed  in  series  form  by 

00 

yo(x,t)  =  £  Ansin  222  (4.49) 

u  n=l 


where  the  coefficients  can  be  found  from 

L 

A  =  -p  f  y  (x)sin  dx  (4.50) 

n  h  j  o  L 

o 

Equations  (4.48)  and  (4.49)  are  now  substituted  into  (4.46)  to  give  the 
following  equation  of  motion  for  the  Fourier  coefficients  qn(t): 


(4  4 

n  tt 

L4 


n2n2\  1  ..  t2nV4 

l2  jqn  +  r2c2  Qn  "  k  J  n 


(4.51) 
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which,  rearranging  tc  the  more  standard  form,  becomes 


2  2  2  2 
r  c  n  tt 


/  2  2 
/  n  rr 

\  L2 


2,  2  2 

r  k  c 


2  2 
4-  A 

_  2  n 


(4.52) 


One  of  the  principal  points  of  the  theory  of  dynamic  buckling  to 
be  discussed  in  this  volume  appears  here.  The  nature  ol  the  solutions 
to  Eq.  (4.52)  depends  upon  the  sign  of  the  coefficient  of  q  .  If 
nrV’L  <  k,  this  coefficient  is  negative  and  the  solutions  are  hyperbolic; 
if  nn/L  >  k,  this  coefficient  is  positive  and  the  solutions  are  trigo¬ 
nometric.  Thus,  if  the  mode  numbers  n  are  sufficiently  large, 
n  >  kL/n,  the  displacements  are  trigonometric  and  therefore  bounded. 
However,  over  the  lower  range  of  mode  numbers,  n  <  kL/n,  the  hyperbolic 
solutions  grow  exponentially  with  time  and  have  the  potential  of  greatly 
amplifying  small  initial  imperfections.  These  inodes  are  therefore 
called  the  "buckling  modes." 

The  mode  number  n  =  kL/n,  separating  the  trigonometric  and 
hyperbolic  solutions,  gives  a  wavelength  corresponding  to  the  wavelength 
of  static  buckling  under  the  given  load  P;  no  matter  how  long  the 
duration  of  load  application,  if  n  >  kL/,i  the  motion  remains  bounded, 
while  for  any  n  <  kL/n  the  motion  diverges.  To  see  more  clearly  this 
relation  to  a  static  problem,  recall  first  that  from  Eq.  (4.48)  the 
deflection  curve  of  the  bar  is  a  sine  wave  with  n  half-waves.  For 
n  =  kL/n  this  curve  is  given  by  sin  kx.  One  half-wave  of  this  deflec¬ 
tion  curve,  corresponding  to  the  buckle  shape  of  a  simple  pinned  Euler 
column,  therefore  occupies  a  distance  from  the  left  support  given  by 


kx 


st 


T7 


OI 


x  =  n/k  (4.53) 

st 


158 


Using  the  definition  k  =  P/EI ,  this  relation  gives 


P  = 


h2EI 


st 


(4.54) 


This  is  identical  to  Eq.  (4.16)  for  the  static  buckling  of  an  Euler 


column  of  length  x 


st 


under  the  load  P. 


The  dynamic  equation  also  demonstrates  the  statement  made  in 
Section  4.3  that  loads  greater  than  P 


2  2 

=  tt  EI/L  give  unstable  motion. 


This  follows  from  the  observation  already  made  that  the  motion  is  un¬ 
stable  if  the  coefficient  of  q  in  (4.52)  is  negative,  that  is,  if 


2  2 

-  k2  <  0 
L 


(4.55) 


Since 


=  P/EI  is  positive,  this  quantity  is  most  negative  for  n  =  1. 


Using  n  =  1  in  Eq.  (4.55),  the  left-hand  side  is  negative  for  all 
2  2 

P  >  tt  EI/L  and  the  motion  is  unstable  sb  previously  stated. 

2  2 

For  the  dynamic  problems  of  present  interest  here,  P  >  >  rt  EI/L 
and  many  modes  are  unstable.  Thus  the  mode  numbers  of  the  buckling  modes 
are  very  high  and  the  wavelengths  of  the  buckling  are  so  short  that  the 
total  length  of  the  bar  becomes  relatively  unimportant.  In  fact,  in  ex¬ 
periments  to  be  described  later,  dynamic  buckling  is  produced  by  impact 
at  one  end  of  the  bar  and,  because  of  the  finite  speed  of  axial  wave 
propagation,  buckling  occurs  before  any  signal  is  received  from  the  op¬ 
posite  end.  In  this  problem  the  total  length  of  the  bar  has  no  signifi¬ 
cance  at  all.  We  should  therefore  seek  a  characteristic  length  other 
than  the  length  of  the  bar.  Because  the  nature  of  the  motion  changes  at 
the  static  Euler  wavelength  x  -  n/k,  it  is  quite  natural  to  use  1/k 

S  X 

as  the  characteristic  length  in  the  x-direction,  along  the  bar.  Similarly, 
it  is  natural  to  normalize  lateral  deflections  with  respect  to  the  radius 
gyration,  r  of  the  cross  section.  The  ratio  between  these  lengths  is  a 
significant  parameter  and  will  be  denoted  by  s: 


2  2,  2 
s  =  rk  - 


2 

r  P 
El 


AE 


=  e 


(4.56) 
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Thus  the  wavelength  of  the  buckling  varies  inversely  with  the  square  root 
of  the  strain  c  due  to  the  compressive  load  P.  This  will  be  discussed 
more  fully  later. 


To  incorporate  these  lengths  into  the  equation  of  motion,  we 
introduce  the  nondimensional  variables 


v 


s2ct 


(4.57) 


Using  these,  Eq.  (4.44)  becomes 


/  /  /  /  ii  it 

w  +  w  +  w  =  w 

o 


(4.58) 


where  primes  indicate  differentiation  with  respect  to  §  and  dots 
differentiation  with  respect  to  t  .  Boundary  conditions  (4.47)  become 


w  =  w,,  =  0  at  5  =  0  and  5  =  -t  -  ——  (4.59) 


and  the  product  form  of  solution  is  now  expressed  by 


=  1C  Sin  ^ 

n=l  ^ 


(4.60) 


Similarly,  the  initial  displacements  are 


=  E  an  Sin  ^ 


where 


n=l 
L 


A  wave  number  r.  is  introduced  by 


(4.61) 


i  f  sinBf  d?  (4-62) 


V  - 


nn 


(4.63) 


and  finally  (4.60)  and  (4.61)  are  substituted  into  (4.58)  to  give  the 
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equations  of  motion  for  the  Fourier  coefficients  g  (7): 

n 


2.2  -in  2 

gn  +  11  <n  -  Dgn  =  n  an 


(4.64) 


This  equation  corresponds  to  (4.52);  in  the  new  notation  the  transition 
from  hyperbolic  to  trigonometric  solutions  occurs  at  q  =  1. 

The  general  solution  to  (4.64)  is 


g  (t)  =  C  cosh  p  7  +  D  sinh  p  7  -  - 5 

n  n  n  n  n  ,  4 

1  *  T1 


§>  ( t )  =  C  cos  p  7  +  D  sin  p  7 - 5 

n  n  n  n  n  _  & 


for  -n  <  1 

(4.65) 
for  n  >  1 


1  -  n 


where 


P„  =  r\  |(1  -  ■n2)} 


il/2 


Substituting  these  into  (4.60),  the  general  solution  for  the  lateral  dis¬ 
placement  is 

N 


T) 


N  / 

-  T  [ 

n=l  \ 


C  cosh  p  7  +  D  sinh  p  7 
n  *n  n  *n 


-:■?) 


El  c  cos  p  t  +  D  sin  p  t - — 

.in  n  n  n 


4- 

n=N+l 


1  -  n 


2 )  t 


sin  •—S 


(4.66) 

nrrS 


where  N  is  the  largest  integer  for  which  ri  <  1. 

The  bar  is  assumed  to  be  initially  at  rest.  Also,  recall  that 
w  is  measured  from  the  initial  displacement  w^  so  that  the  initial 
conditions  are 


w(?,0)  =  w( 5, 0)  =  0 


(4.67) 
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Applying  these  to  (4.66)  yields  D  =0  and  C  =  a  /(I  -  t  ).  The 

a  nr* 

final  solution  is  then 


w(c,t)  =  £  - — 


n=l  1 


cosh 


V  ■  1 


(4.68) 


in  which  the  hyperbolic  form  is  taken  for  r;  <  1  and  the  trigonometric 
form  for  r>  >  1 . 


Equation  (4.68)  shows  quantitatively  the  exponential  growth  of 
the  buckling  terms.  The  ratio  between  the  Fourier  coefficients  a  ot 
the  initial  displacement  and  the  coefficients  g^fT)  in  the  buckling 
bar  will  be  called  the  amplification  function  and  in  this  problem  is 
given  by 


O  (t)  = 


n 


gn(T) 


a 

n 


cosh 


cos 


PnT 


1 


(4.69) 


A  plot  of  this  function,  treating  n  as  a  continuous  variable,  is  given 
in  Fig.  4.10  for  several  values  of  nondimensional  time  t.  It  is  apparent 
that  as  time  increases,  a  narrow  band  of  wavelengths  is  amplified  having 
wave  numbers  centered  at  somewhat  less  than  t)  =  1 .  To  find  the  wave 
number  of  the  most  amplified  mode  for  late  times,  we  differentiate  (4.69) 
for  rj  <  1 . 


FIG.  4.10  AMPLIFICATION  FUNCTION 
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fi\  (I  -  2t,2) 

— r:  =  — z - S— o  P  T  sinh  p  T  + 

.  ^  ^ ,  <5 ,4  n  n 

dr;  2r>.  (1  -  r,  ) 


- 5-5  (cosh  p  t  -  1) 

(1  -  r)  n  (4.70) 


Setting  this  to  zero  yields 


•>  2  P,," 

4*r  n 


cosh  P  T  -  1 
_ n 

sinh  p  r 
n 


(4.71) 


For  times  sufficiently  large  that  significant  amplification  has  occurred, 
cosh  p^T  -  1  s»  sinh  p^T  and  (4.71)  is  approximated  by 


P  t 

2  _  1  n 

rcr  ~  2  p  t  -  1 

n 


(4.72) 


To  a  lessor  approximation,  for  large  t  such  that  p^T  >  >  1,  the  wave 
rumber  of  the  most  amplified  mode  is  therefore 


cr 


0.707 


Using  this  to  obtain  an  estimate  for  p  =  r  (1 

cr  cr 

better  estimate  for  l>r,  from  (4,72)  13 


^r 


_ 1 

/T 


(4.73) 


2  i1/2  i /•> 

rfcr)  %  1/2, 


(4.74) 


For  example,  at  t  -  6,  Eq.  (4.74)  gives  n  =  0.866,  which  is  about 

cr 

22%  larger  than  the  value  in  (4.73).  At  t  =  10,  the  estimate  in  (4.73) 
is  only  about  12%  low.  Thus,  for  practical  purposes,  the  wavenumber  of 
the  most  amplified  mode  can  be  taken  as  =  1/ >/ 2?  This  will  be  called 
the  "preferred"  mode  of  buckling.  The  corresponding  wavelength  is  found 
from 


-  2tt  ,  or  5  =  \  =  2  tt/IT 


'  Jp  'p 


In  dimensional  units,  from  (4.57),  this  length  is 


r  2  n /?  e  o  1  > 

x  =  —  *  =  - -  r  -  8 . 8d  r/  Jc 

P  a  “  —  v 


s  p 


JT 


(4.75) 


(4. 76  > 
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A  graph  of  the  aximum  amplification  plotted  against  7  is 
given  in  Fig.  4.11.  ^yond  7  -  4,  grcwth  is  very  rapid;  at  7  =  12 
initial  imperfections  are  amplified  by  more  than  400.  These  results 
suggest  that  a  bar  under  very  high  compression  will  buckle  into  wave¬ 
lengths  near  8.88  r/  at  nondimensional  times  between  4  and  12. 
Better  estimates  for  critical  buckling  times  are  given  in  succeeding 
sections. 


NORMALIZED  TIME,  T 

CA  57J3-S 

FIG.  4.11  MAXIMUM  AMPLIFICATION  vs.  TIME 


4.6  Dynamic  Elastic  Buckling  under  Eccentric  Load 


Fig. 


As  an  example,  consider  a  bar  eccentrically  loaded  as  in 
4,12.  For  this  problem,  the  initial  deflection  is  taken  as 


w  (?)  =  6/r 

G  0 

w  (?)  =  0 
o 


?  i*  0,1 
?  =  0,1 


(4.77) 
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FIG.  4.12  ECCENTRICALLY  LOADED  3AR 


Expanding  into  the  Fourier  sine  series 


V?)  =  £  an  sln 


<4.78) 


the  coefficients  are  found  using  formula  (4.62),  which  yields 


n  nrrr 


a  =  0 

n 


n  odd 


n  even 


(4.79) 


From  (4.68),  the  buckled  shape  is  given  by 


...  v'  46  1  COSh  ,  nrrl; 

W(5'T)  =  £  *  - - 2  Pn^  *  1  ~f 

11=1,3  1  -  r\  cos  (4.80) 


To  evaluate  this  sum,  recall  that 


riTT  ,  ,  ,  .  2tt 

n  =  —  ;  and  for  n  odd,  &r\  -  — 

v 


(4.81) 


46  _  46__ 

n-nr  r£r 


46  .  _  2n  _  26_ 

rt]  2n  l  nri 


(4.82) 


and  (4.80)  can  be  written 


so  cosh 

w(?,T>=-g  E  - r  PnT  -  1  sinrgAn 

^  n=l, 3. . .  tjO  -  T|  )  cos 


(4.83) 
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I f  we  assume  that  the  bar  is  very  long 
the  buckling,  Ar,  -*  d-n  and  -r  can  be 
The  sum  (4.83)  can  then  be  replaced  by 


compared  to  the  wavelengths  of 

treated  as  a  continuous  variable. 
* 

the  integral 


w(-, T) 


cosh 


cos 


pnT 


A  plot  of  the  function 
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sin  -rS  dn 


(4.84) 


f  ( r, ,  t  ) 


cosh 


cos 


PnT 


(4.85) 


in  the  integrand  is  given  in  Fig.  4.13  for  t  =  6.  To  obtain  an  approxi¬ 
mate  analytical  expression  for  the  integral  in  (4.84),  we  replace  this 
curve  by  the  triangle  of  height  A  in  Fig.  4.13,  where  A(t)  =  f(l/  JT,  T). 
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FIG.  4.13  FOURIER  COEFFICIENTS  (transform)  OF  BUCKLED  SHAPE 


Then 


»(§,  t)  f  A(  t  )ri  sin  r]Fdn  =  ^  [sin  -  n?  cos  tiE]  0 


26A(t)  ,  . 

- —  (sin  5  -  %  cos  §) 

nrE 


(4.86) 


This  is  merely  a  plausible  argument,  but  the  result  is  correct,  as  can 
be  confirmed  by  using  a  Fourier  integral  representation  from  the  start. 
Converting  from  a  sum  to  an  integral  here  can  be  done  because  the 
function  multiplying  sin  ri?  in  the  integrand  dies  off  for  large  r,  such 
that  there  is  no  difficulty  with  sin  r\%  oscillating  in  the  interval 
Ap  =  2n/t.  For  a  more  rigorous  discussion  see  Ref.  12. 
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where 


The  function 


A(t>  =  — r~r - 77  tcosh  t/2  “  ^  (4.87) 

(‘ ' *) 

W(g:)  =  (sin  =  -  5  cos  £)  (4.88) 


which  gives  the  approximate  shape  of  the  buckling  bar,  is  plotted  in 
Fig.  4.14.  The  wavelengths  between  peaks  are  slightly  greater  than  2rr 
near  the  support  and  approach  2tt  away  from  the  support. 


FIG.  4.14  APPROXIMATE  BUCKLED  SHAPE  OF  BAR  UNDER 
SUDDENLY  APPLIED  ECCENTRIC  LOAD 


This  discussion  gives  an  estimate  for  the  buckled  shape  of  a  bar 
under  idealized  eccentric  thrust,  and  also  shows  how  the  amplitude  of  the 
buckled  form  grows  with  time.  Specification  of  a  criterion  for  failure 
by  dynamic  buckling,  however,  depends  on  the  particular  structural  pro¬ 
blem  at  hand.  For  example,  if  the  bar  is  a  push  rod  used  to  measure 
rapid  displacements,  large  deflections  within  the  elastic  limit  could 
constitute  failure.  On  the  other  hand,  in  a  rod  used  as  a  hammer,  large 
displacements  are  probably  not  objectionable  so  long  as  the  motion  re¬ 
mains  elastic  and  the  rod  returns  to  its  initial  shape. 

To  give  a  concrete  example,  let  us  calculate  the  duration  of 
load  application  required  to  produce  a  combined  bending-compressive 
stress  equal  to  the  yield  stress.  The  maximum  bending  stress  occurs  at 
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point  B  in  Fig.  4.14  where  the  curvature  W  =  0.235  and  is  a  maximum. 
In  general,  the  compressive  bending  stress  in  the  inner  fiber,  for  a 
rectangular  bar  of  height  h,  is 


M  ~  ^  .2  2 

2  t. h  o  y  Eh  s 

ab'l"2  2"2  2 

ox  r 


=  J~P  Es2w"  (4.89) 


Using  (4.86)  with  w''  =  -  0.235  and  the  time  variation  from  (4.87),  the 
bending  stress  at  B  is 


„  2  26A(t) 


Es 


(-  .235)  =  -  0.732  -  o 
nr  r  c 


cosh  ( 


H 


(4.90) 


where  o  is  the  compressive  impact  stress, 
c 


The  threshold  of  buckling  is  defined  by  the  total  stress 

0.  +  a  reaching  the  yield  stress  a  .  Using  a,  from  (4.90),  this 
DC  y  D 

condition  gives  the  following  relation  between  the  compressive  stress 

a  and  the  time  t  at  which  first  yield  occurs: 
c  cr 


r 


=  1  +  0.732  ~  Jyosh  ( 


cr, 


(4.91) 


A  graph  of  versus  C^/o1  from  (4.91)  is  given  in 

Fig.  4.15  for  several  values  of  eccentricity  6,  with  6  expressed 
in  terms  of  depth  h  of  a  rectangular  bar  for  later  comparison  to 
experiment.  The  values  chosen  range  over  an  order  of  magnitude,  from 
6  -  0,00316  h  to  6  =  0.0316  h.  The  mid  value  6  =  0.01  h  is  a  repre¬ 
sentative  value  found  from  static  experiments,  as  given  by  Eq.  (4.22). 

We  shall  see  that  the  dynamic  buckling  experiments  in  Section  4,8  suggest 
that  the  static  data  do  indeed  give  equivalent  imperfections  in  the 
appropriate  range  for  the  dynamic  problem. 


Also  given  is  a  curve  of  the  amplification  G^  (from  (4.69) 
with  r  =  1/  )required  to  produce  first  yield  for  an  eccentricity 
6  =  0,01  h.  Similar  curves  for  6  =  0.00316  h  and  6  =  0.0316  h  are 
omitted  for  clarity.  This  curve  shows  that  for  small  values  of  impact 
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FIG.  4.15  CRITICAL  BUCKLING  TIMES  TO  FIRST  YIELD 
FOR  BAR  UNDER  ECCENTRIC  LOAD 


stress  the  amplification  must  bo  very  laige  to  produce  yield.  This 
results  because  the  bending  contribution  must  be  larger  and  a? so  be¬ 
cause  the  wavelength  of  the  buckling  is  longer.  Under  these  conditions, 
depending  on  the  practical  application,  large  buckling  deformations  may 
constitute  buckling  before  the  yield  stress  is  reached,  thus  placing  an 
upper  limit  on  Tcr*  However,  with  the  yield  definition  of  buckling 
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here,  icr  approaches  infinity  (as  does  the  length  of  the  bar)  as  P 

approaches  zero.  At  the  other  end  of  the  curves,  as  the  impact  stress 

approaches  the  yield  stress,  the  amplification  required  to  produce  first 

yield  is  quite  small  (less  than  10  for  a  /a  =  0.9).  Also,  in  a  real 

c  y 

material  the  yield  stress  is  not  sharply  defined  and,  more  important, 
the  tangent  modulus  begins  to  fall  rapidly  as  the  material  yields  so 
that  the  elastic  modulus  in  the  present  buckling  formulation  is  in¬ 
appropriate.  Thus  application  of  the  curves  in  Fig.  4.15  has  little 

meaning  for  real  materials  beyond  about  a  /a  =  0.9.  Buckling  in  this 

c  y 

range  of  loads  is  considered  in  Section  4.9. 


To  obtain  a  physical  interpretation  of  the  curves,  we  observe 
that  in  physical  units  nondimensional  time  t  corresponds  to  the  im¬ 
pulse  of  the  applied  load.  Thus,  from  the  definition  of  t  in 
Eq.  (4.57),  this  impulse  is 


Pt  = 


(4.92) 


and  the  critical  impulse  to  cause  first  yield  from  buckling  is 


X  =  AEr 

cr  c  Tcr 


(4.93) 


Also,  the  applied  load  can  be  expressed  by 


P  =  A  a  =  A  a 

c  y 


'M 

/ 


(4.94) 


Thus  the  curves  in  Fig.  4.15  can  be  interpreted  as  giving  the  combinations 
of  load  amplitude  P  and  load  impulse  1  that  produce  threshold  buck¬ 
ling.  Load  points  above  the  curves  give  more  severe  buckling,  while 
load  points  below  the  curves  give  no  permanent  buckling  deformations. 

We  shall  see  in  Chapter  5  that  amplitude-impulse  curves  of  this  type  can 
be  applied  to  more  complex  structures,  such  as  a  cylindrical  shell  under 
lateral  pressure. 


* 


i 
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4.7 


Dynamic  Elastic  Buckling  with  Random  Imperfections 


Another  form  of  imperfection,  more  uniquely  concerned  with  the 
dynamic  problem,  is  suggested  by  experiments  to  be  described  later  in 
which  rubber  strips  were  buckled  over  a  wide  range  of  dynamic  thrusts. 

It  was  found  that  the  strips  buckled  into  wavelengths  which  varied  ran¬ 
domly  at  each  thrust,  with  a  mean  and  standard  deviation  both  inversely 
proportional  to  the  square  root  of  the  thrust  as  suggested  by  Eq.  (4.76). 
These  results  are  consistent  with  the  assumption  that  random  imperfections 
in  the  strips  are  amplified  by  the  buckling  motion  so  that  the  resulting 
buckled  form,  although  still  random,  has  statistics  determined  by  the 
buckling  amplification  function  given  by  Eq.  (4.69)  and  in  Fig.  4.10. 

Several  methods  of  representing  a  random  function  have  been 
13 

described  by  Rice  in  the  study  of  filtering  electrical  noise.  In  the 
electrical  problem,  the  function  represents  the  variation  of  current  with 
time,  1  *  I(t).  In  the  buckling  problem  here,  the  random  function  re¬ 
presents  the  variation  of  lateral  displacement  with  distance  along  the 
bar,  w  =  w(§).  Thus  there  is  an  analogy  between  the  two  problems,  with 
electrical  current  being  associated  with  mechanical  displacement,  and 
time  in  the  electrical  problem  being  associated  with  axial  position  in 
the  mechanical  problem.  In  the  electrical  problem,  a  noise  signal  IQ(t), 
having  Fourier  components  a^Ojj^),  *s  in*-°  a  filter  having  an  atten¬ 

uation  characteristic  F(uj  ).  The  output  signal  is  I(t),  having  Fourier 

n 

components  A  <u)  )  =  F(a'  )a  (ui  ).  In  the  mechanical  problem,  the  "input" 
n  n  n  n  n 

is  the  initial  displacement  WQ(?)>  having  Fourier  components  a^T)), 
and  the  "output"  is  the  buckled  form  w(|),  having  Fourier  components 
g  (ri)  =  G(n  ,  t)&  (n).  The  mechanical  problem  contains  one  added  variable, 
time  t  ,  so  that  the  amplification  characteristic  also  depends  on  time 
as  indicated  by  Gb(t)  in  Eq.  (4.69),  which  is  denoted  here  by  G(ti  ,t). 
However,  at  each  instant  the  analogy  is  quite  close.  The  only  difference 
is  that  in  the  electrical  problem  the  process  is  stationary,  that  is, 
the  currents  continue  indefinitely  in  time  and  the  statistics  are  taken 
to  be  independent  of  time.  In  the  buckling  problem,  the  boundary  con¬ 
ditions  at  the  ends  of  the'  bar  must  be  met  so  that  the  statistics  depend 
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also  on  the  position  5  ,  the  variable  analogous  to  time.  If  the  buckle 
wavelengths  are  very  short  compared  to  the  length  of  the  bar,  however, 
one  would  expect  that  some  distance  from  the  end  of  the  bar  its  effect 
diminishes  and  the  assumption  of  white  noise  would  be  acceptable.  With 
this  assumption  the  two  problems  are  completely  analogous  and  all  the 
theory  available  for  the  electrical  problem  can  be  used  here. 


It  is  not  necessary  to  assume  that  the  random  imperfections  are 
stationary;  this  assumption  merely  makes  the  mathematics  simpler.  Before 
this  is  done,  consider  a  random  form  of  imperfection,  which  does  satisfy 
the  boundary  conditions  of  simple  supports  at  ^  ~  0  and  £  =  ■(,.  These 
imperfections  are  given  by 

09 

wo(|)  =  XI  an  sin  ^  (4.95) 

n=l 


where 


and  N  will  be  specified  later.  The  coefficients  are  random 

normal,  having  mean  value  zero  and  standard  deviation  C(rj).  The  normal 
or  Gaussian  probability  distribution  is  shown  in  Fig.  4.16.  It  is  fur¬ 
ther  assumed  that  a  is  constant  over  all  wavenumbers  of  interest,  then 


p!o„) 
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FIG.  4.16  ASSUMED  NORMAL  DISTRIBUTION  OF  FOURIER 
COEFFICIENTS  OF  INITIAL  IMPERFECTIONS 
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Fq .  (4.95)  is  called  (nonstationary)  white  noise.  In  order  that 
renain  bounded,  0  must  ultimately  die  off  for  large  r,  .  Since  our 
central  concern  is  in  the  buckled  shape  w(F)  after  the  Fourier  co¬ 
efficients  have  been  amplified  by  G(r)  ,7), and  Fig.  4.10  slows  that  for 
>  2  the  amplification  is  very  small,  harmonics  with  r  >  2  can  safely 
be  neglected.  Thus,  in  the  initial  deflections  given  by  (4.S5)  we  merely 
specify  that  o(r;)  dies  off  in  some  unspecified  manner  for  r  >  2  and 
is  constant  for  0  <  t>  <  2.  This  is  the  usual  assumption  justifying  the 
use  of  white  noise  as  a  filter  input. 


Since  the  concept  of  white  noise  can  be  applied  only  when 
associated  with  a  pucess  passing  a  finite  band  of  wavenumbers,  we  must 
defer  any  examples  of  random  functions  until  after  the  amplification 
function  with  its  inherent  cut-off  has  been  applied  to  give  the  buckled 
shapes.  This  function,  repeated  from  Eq.  (4. 69), is 


G(n  ,t) 


cosh 

P(ti)t 

cos 


(4.96) 


where 


p(  t|)  = 


n  (i 


n2> 


1/2 


and  the  hyperbolic  form  is  taken  for  T)  <  1.  The  buckled  form  is  given 
by 

N 

w(§,T)  =  a  G(n  .1)  sin  Ti?  (4.97) 

n=l 

where  N  is  the  largest  value  of  n  for  which  ri  <  2. 


With  a  cutoff  characteristic  now  applied,  examples  can  be  given 
of  the  functions  characteristic  of  ouckling  from  random  imperfections. 
Figure  4.17  gives  two  examples  of  buckled  forms  calculated  from  Eq.(4.96) 
using  a  length  l  =  50rr  ,  which  is  25  complete  Euler  lengths  and  very 
long  compared  to  the  highly  amplified  wavelength  X  =  2rr  yr  corres- 
ponding  to  r.  =  1/  J 2  With  this  choice  for  N  =  100.  The  pro¬ 

cedure  was  to  select  100  random  numbers  from  a  population  having  a 
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EXAMPLE  2 
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FIG.  4.17  TWO  EXAMPLES  OF  BUCKLED  FORMS 
FROM  RANDOM  IMPERFECTIONS 


Gaussian  distribution  as  in  Fig.  4.16,  with  0=1.  These  were  then 

used  as  the  coefficients  a  in  Eq.  (4.96)  and  the  summation  was  taken 

n 

over  100  inodes,  corresponding  to  0  <  ri  ^  2.  Higher  harmonics  would 
have  had  a  negligible  effect  as  already  mentioned  because  of  the  rapid 
decrease  of  G(rt  ,  t)  with  ri  for  n  >  2. 


In  each  example  in  Fig.  4.17  (i.e.,  for  each  set  of  100  random 
coefficients)  the  buckled  shape  is  plotted  at  7=4  and  7=6.  In 
both  examples,  there  are  nore  crests  (waves)  at  7;  =  4  than  at  7  =  6. 
This  is  a  consequence  of  the  shift  in  the  peak  of  the  amplification 
function  in  Fig.  4.10  from  r|  «=  1  at  7  =  *.'■  to  rj  as  0.8  at  7  =  6. 

At  still  latei  times  little  further  change  in  the  number  of  crests  would 
be  expected  because,  as  discussed  in  Section  4.5,  the  point  of  maximum 
amplification  cannot  shift  below  r;  =  l/J  2*^  0.707. 


184 


Another  feature  exhibited  in  these  examples  is  typical  <>l  buckled 
forms  from  white  noise:  although  they  consist  of  a  random  assemblage  of 
harmonics,  they  exhibit  a  surprisingly  regular  pattern  of  waves.  The 
average  wavelength  of  this  pattern  depends,  of  course,  on  the  region  of 
amplification  defined  by  the  amplification  function.  In  fact,  an  am¬ 
plification  function  which  is  square  in  shape,  constant  for  r  <  2  and 
zero  for  n  >  2,  would  give  a  wave  pattern  similar  to  those  shown  in 
Fig.  4.17.  This  is  exactly  the  waveform  of  the  imperfection 
corresponding  to  the  computational  procedure  used  in  generating  the 
curves  in  Fig.  4.17,  but  it  is  not  the  waveform  of  the  "-ictual"  imper¬ 
fection,  whose  Fourier  components  do  not  cut  off  abruptly  at  r,  =  2. 

This  is  the  reason  that  numerical  examples  had  to  be  deferred  to  the 
discussion  of  buckled  shapes;  any  specification  of  a  cut-off  wavenumber 
already  implies  filtered  noise. 

The  only  way  of  quantitatively  describing  buckled  shapes  such  as 
in  Fig.  4.17  is  to  give  statistics  of  the  features  of  interest.  The  most 
easily  measured  quantity  in  experiments  is  the  buckled  wavelengths,  so 
statistics  of  wavelengths  will  be  calculated  for  later  comparison  to 
experiment.  Direct  calculation  of  these  statistics  is  beyond  the  means 
of  currently  available  analysis  except  for  a  special  case  to  be  given 
later.  Instead,  the  statistics  are  calculated  by  the  Monte  Carlo  method; 
a  large  sample  of  random  buckled  forms  is  generated  numerically  by  the 
procedure  just  described  and  the  resulting  data  are  plotted  directly  in 
the  form  of  a  probability  distribution  (histogram)  for  the  feature  of 
interest.  To  determine  the  distribution  of  wavelengths,  65  random 
buckled  shapes  as  in  Fig.  4.17  were  calculated,  each  with  a  different 
set  of  100  random  values  for  a^.  Wavelengths  in  each  buckled  shape 
were  then  measured  for  t  =  6  and  the  histogram  in  Fig.  4.18a  was  pre¬ 
pared.  The  wavelengths  were  measured  between  alternate  zero  crossings 
for  the  first  three  waves  from  the  support  t  =  0,  not  counting  the 
support  as  a  crossing.  Separate  histograms  were  also  prepared  for  the 
first,  second,  and  third  waves  individually  and  no  significant  differences 
were  found,  indicating  that  the  end  support  does  not  seriously  affect  the 
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FIG.  4.18  THEORETICAL  AND  EXPERIMENTAL  HISTOGRAMS 
OF  BUCKLED  WAVELENGTHS 


wavelengths  even  a  small  distance  from  the  support.  Many  more  computa¬ 
tions  would  have  to  be  added  before  this  would  approximate  the  proba¬ 
bility  distribution,  but  the  main  features  of  the  distribution  are 

apparent.  The  mean  wavelength  is  >  =  7.4,  which  lies  between  the 

m 

Euler  wavelength  X£  —  2rr  =  6.28  and  the  "preferred"  wavelength 

\  ss  2tt  IIP  =  8.88,  as  shown.  The  standard  deviation  of  the  wavelength 
P 

is  0  =1.7  and  the  ratio  of  standard  deviation  to  mean  wavelength  is 

X 

0,/X  =  0.23. 

X  m 

Figure  4.18b  gives  a  histogram  prepared  from  experiments  on 

about  50  aluminum  strips  buckled  under  axial  impact  as  described  in 

Section  4.8.  The  mean  value  of  the  buckled  wavelengths  is  somewhat 

larger  than  in  the  theoretical  histogram  (X  =9.5  compared  to  X  = 

m  m 

7.4  in  Fig.  4.18a)  and  the  spread  in  wavelengths  is  somewhat  smaller. 
The  narrower  spread  possibly  results  because  part  of  the  initial  imper¬ 
fection  was  in  the  form  of  an  eccentric  impact,  which  tends  to  produce 
a  fixed  wavelength  as  described  in  Section  4.6.  However,  the  general 


t 
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features  of  the  observed  distribution  are  adequately  represented  by  the 
white  noise  theory.  More  extensive  experimental  examples  are  given  in 
Section  4.8. 


An  analytical  expression  for  the  mean  wavelength  directly  in 
terms  of  the  amplification  function  G(r;  ,7)  can  be  given  if  it  is 
assumed  that  the  buckling  displacements  are  stationary,  i.e.,  if  the  end 
conditions  are  neglected  as  discussed  earlier.  With  this  assumption  the 
initial  imperfections  can  be  represented  by  stationary  white  noise  as 
follows : 


,(§)  =  ]£  an  sin  +  con) 

n=l 


(4.98) 


This  form  is  similar  to  Eq.  (4.95)  except  that  here  the  Fourier  compo¬ 
nents  are  added  in  random  phase,  with  the  phase  angles  cr>^  uniformly 
distributed  (with  equal  probability)  in  the  interval  0  <;  s  2n  ,  The 
buckled  displacements  are  then 


wo<§>  =  Yj  anG(r'  »  T)sin(r,§  +  ©u> 
n=l 


(4.99) 


With  the  standard  deviation  of  a  constant,  it  is  reasonably  simple  to 
13  n 

demonstrate  that  the  mean  wavelength  between  alternate  zero  crossings 
in  the  buckled  form  is 


X  (t)  =  2rr 
m 


J' G2(r  ,T)dy| 


(4.100) 


r  2  j 

J  vG 


(t  ,  T)dri 


No  analytical  expression  has  yet  been  found  for  the  standard  deviation 

14 

of  wavelengths,  even  with  the  stationary  process  assumption  (Slepian 
discusses  the  current  status  of  this  perennial  problem  in  information 
theory ) . 
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For  the  complicated  G( •  ,-)  in  Eq.  (4.96),  no  closed  form  ex¬ 
pressions  for  the  integrals  in  Eq.  (4.100)  were  found.  Instead,  the 
integrals  were  evaluated  numerically  over  the  region  0  <  r  <  2  of  sig¬ 
nificant  amplification  for  several  values  of  -r.  The  resulting  mean 
wavelengths  are  plotted  against  t  in  Fig.  4.19.  The  mean  wavelength 
increases  monotonieally  with  ",  but  in  the  region  -r  >  6  of  significant 
amplification  (see  Fig.  4.11)  the  increase  is  very  small.  At  t  =  6, 

Fig.  4.19  gives  ).  =  7.4  which  is  the  same  result  found  in  Fig.  4.18 

m 

for  buckles  satisfying  the  pinned  end  conditions.  Also  plotted  is  the 
wavelength  corresponding  to  the  most  amplified  mode,  given  approximately 
by  Eq.  (4.74)  for  large  t.  The  mean  and  most  amplified  wavelengths  are 
very  close  together  and  have  very  nearly  the  same  variation  with  t. 

For  large  t,  both  approach  the  preferred  wavelength  =  2tt  r?. 


FIG.  4.19  MEAN  AND  MOST  AMPLIFIED  WAVELENGTHS  vs.  TIME 
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These  results  suggest  that,  if  it  is  reasonable  to  assume  that 
random  imperfections  axe  present  in  a  bar  as  described,  then  the  bar 
will  buckle  over  the  entire  compressed  length  and  the  wavelength  of  the 
buckles  will  be  reasonably  well  characterized  by  the  preferred  wavelength 
\  =  2-r  \[2'  ,  To  calculate  a  threshold  of  buckling,  one  can  make  the 

simplifying  assumption  that  the  motion  consists  of  response  in  only  the 
preferred  wavelength,  with  an  assumed  single  equivalent  imperfection  at 
this  wavelength.  This  will  now  be  done. 


As  in  static  buckling,  imperfections  can  be  divided  into  two 

types,  one  type  having  amplitudes  proportional  to  the  thickness  of  the 

bar  and  the  other  having  amplitudes  proportional  to  the  wavelength  of 

the  buckling.  In  the  following,  both  types  will  be  considered  and  it 

will  be  shown  that  the  resulting  critical  times  t  for  buckling  do  not 

cr 

depend  strongly  upon  which  type  is  assumed. 

We  treat  first  imperfections  having  amplitudes  proportional  to 

the  buckle  wavelength  \  and  denote  the  coefficient  of  this  Fourier 

P 

component  by  Ap,  in  physical  units.  Thus  we  assume 

A  =  0L  (4.101) 

P  P 


where  L  is  the  preferred  half-wavelength  (the  buckled  shape  of  an 
P 

Euler  column)  under  the  applied  load  P,  corresponding  to  a  half-wavelength 

X  /2  in  nondimensional  units.  In  dimensionless  form  these  quantities, 

P 

using  (4.57),  are  expressed  by 


a 


P 


and  the  imperfection  is  now  given  by 


a 

P 


X 

_2 


s  2 


TT  fz?, 


(4.102) 


(4.103) 
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The  criterion  for  buckling  is  taken  as  in  Section  4.6  on  eccentric  im¬ 
pact;  a  critical  time  t  is  determined  such  that  the  bending  stress 

cr 

plus  the  direct  stress  due  to  P  reaches  the  yield  stress. 


The  bending  stress,  from  Eq.  (4.89),  is 


=  /IT  Es2w" 


(4.104) 


The  idealized  buckled  shape  is  simply  a  sine  wave,  given  from  Eqs.  (4.96) 
and  (4.97)  as 


w(^,t)  =  — ■  P'  z  tc°sh  p(r>  )t  -  l]sin  r-  £  (4.105) 

1  -  n  P  P 


with  ri  =  1/ ^"IT  .  Differentiating  (4.105)  and  substituting  the  result 
into  (4.104)  gives  the  peak  bending  stress,  at  sin  Tip?  =  1,  as 


?b  =  P 


Es  •  a 


cosh  ^  -  1 J 


(4.106) 


which,  Using  a  from  (4.103),  becomes 
P 


r~  — 

afc  ~  rtfs  8  Es  cosh  —  -  l 

w-  -i 


(4.107) 


Finally,  we  use  s  -a  / E  and  the  buckling  criterion  a  +  a  -a  to 

c  bey 

obtain 


1  -  a  /j 

c  V 


=  tt8 


a  /a 

c  y 


/Fh^H 


(4.108) 


This  equation  is  the  counterpart  of  Eq.  (4.91)  for  buckling  from  eccentric 
impact.  An  essential  difference  is  that  here  the  critical  curves  for 
buckling  depend  not  only  on  the  imperfection  amplitude  8  but  also  on 
the  yield  strain  s  .  This  results  from  taking  the  imperfections  pro¬ 
portional  to  the  buckle  wavelengths. 

Curves  of  t  versus  0/0  from  Eq.  (4.108)  are  given  in 
cr  c  y 

Fig.  4.20  for  =  0.005,  a  representative  value  for  engineering  metals. 


°v 

FIG.  4.20  CRITICAL  TIMES  TO  FIRST  YIELD 

FOR  BUCKLING  IN  "PREFERRED**  MODE 


Values  of  0  are  takon  from  0.0001  to  0.001,  corresponding  to  the  range 
of  imperfection  amplitudes  observed  in  static  buckling  as  given  in 
Eq.  (4.23).  The  curves  are  quite  similar  to  those  in  Fig.  4.15  for 
eccentric  impact  except  that  the  critical  times  Tcr  change  more  slowly 


with 


a /a 

c  y 


(i.e.,  the  curves  are  more  nearly  horizontal  for  intermediate 
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values  of  "  /a  ).  Also,  t  does  not  shoot  up  to  very  large  values 
c  y  cr 

until  o  /”  is  very  small.  These  observations  can  be  made  by  comparing 
c  y  ' 

the  solid  curves  (imperfections  proportional  to  wavelength)  to  the  dashed 
curve  (which  has  the  same  functional  form  as  in  the  curves  for  eccentric 
impact ) . 


Critical  buckling  times  for  imperfections  nroportional  to  the 
depth  cf  the  bar  are  found  in  essentially  the  same  way.  The  equivalent 
imperfection  amplitude  in  the  preferred  mode  is  then  given  by 


A  =  yr  (4.109) 

P 


Using  this  in  place  of  Eq.  (4.101)  and  applying  the  same  procedure  as 
for  imperfections  proportional  to  wavelength,  the  expression  for 
becomes 


(4.110) 


This  is  exactly  the  same  functional  form  as  found  for  eccentric  impact, 
with  the  constant  0.732  6/r  replaced  by  Jl?  y  =  ^3  A  /r.  Again,  Tc 


cr 


depends  only  on  C^/c^ 


and  not  on  the  magnitude  of  the  yield  strain  e 


As  for  imperfections  proportional  to  wavelength,  we  take  as 

estimates  for  v  the  values  found  appropriate  in  static  buckling.  For 

a  rectangular  bar  of  depth  h  ,  the  static  empirical  formula  (4.24)  gives 

the  conservatively  large  value  y  =  0.1  r/(h/2)  =  0.058.  In  Fig.  4.20 

the  dashed  curve  is  a  plot  of  Eq.  (4.10)  for  a  somewhat  smaller  value 

(y  -  0  0346,  corresponding  to  A^/h  =  0.01)  to  give  an  intermediate 

value  for  comparison  to  the  solid  curves.  This  comparison  show?  that 

the  values  of  t  calculated  for  either  type  of  imperfections  (with 
cr 

representative  values  for  both  taken  from  static  buckling)  give  very 
nearly  the  same  result.  More  important,  we  shall  see  in  the  next  section 
that  these  curves  compare  favorably  with  observed  thresholds  of  dynamic 
buckling. 


» 


t 
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4.8  Experiments  on  Dynamic  Elastic  Buckling  of  Bars 

In  practice,  the  most  directly  applicable  physical  problem  for 
the  preceding  theory  is  the  impact  of  a  long  bar  against  a  massive  target. 
We  consider  that  the  bar  is  originally  stress  free  and  moving  toward  the 
wall  with  velocity  V  as  shown  in  Fig.  4,21a.  Since  to  a  good  approxi¬ 
mation  the  target  can  be  considered  to  be  a  rigid  wall,  on  impact  the  left 
end  of  the  bar  immediately  comes  to  rest,  Adjacent  particles  to  the  right 
subsequently  come  to  rest  as  a  stress  wave  of  magnitude  a  propagates  to 
the  right  at  the  bar  sound  velocity  c  .  When  the  stress  wave  has  passed 
a  distance  x^  into  the  bar,  the  impulse  applied  by  the  end  load  at  the 
rigid  wall  must  be  equal  to  the  initial  momentum  of  the  length 
brought  to  rest  by  the  stress  wave.  This  condition  is  expressed  by 

x 

CA  *  —  =  pAx  *  V 
c  a 

or 

0  =  pcv  (4.111) 


(b) 


SA-S7J3-I7 

FIG.  4.21  AXIAL  STRESS  WAVE  IN  A  BAR  IMPACTING 
A  RIGID  WALL 
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This  situation  is  conveniently  produced  experimentally  by  using 
15 

a  tensile  testing  machine.  The  initial  velocity  V  Is  produced  by 
first  pulling  the  bar  to  a  tensile  stress  C  .  Prior  to  applying  the 
tension  a  notch  is  filed  in  the  U;-  rear  the  upper  jaw  with  its  depth  ad¬ 
justed  so  that  fracture  occurs  at  the  notch  when  the  stress  in  the  remain¬ 
der  of  the  bar  is  near  the  desired  stress  o  .  After  fracture,  a  (com¬ 
pressive)  relief  wave  travels  down  the  bar  at  velocity  c  ,  leaving  the 
bar  stress-free  behind  the  wave  and  traveling  at  velocity  V  =  cr/ ce  by 
the  same  argument  just  made  for  axial  impact.  When  the  wave  arrives  at 
the  lower  jaw  it  reflects,  Bgain  as  a  compressive  wave.  Since  the  rod  is 
completely  stress-free  and  traveling  at  velocity  V  at  the  instant  of 
this  reflection,  formula  -( 4 . Ill )  can  again  be  used,  giving  a  compressive 
stress  equal  to  the  initial  tensile  stress  o  .  In  actual  fact  the  stress 


rises  to  this  value  in  a  finite  time  comparable  to  the  time  for  stress 
waves  to  cross  the  bar  and  communicate  the  notch  fracture  to  the  full 
cross  section. 

4.8.1  Framing  Camera  Observations 
16 

An  example  of  a  strip  buckled  by  this  procedure  is 
given  in  Fig.  4.22.  The  strip  is  made  of  6061-T6  aluminum  with  a 


TOTAL  LENGTH 
30.0  t—  OF  STRIP 


0.0125*  THICK  BY  0.5*  WIDE 


CLAMPED 

BOUNDARY 


18  24  30  36  42  48  54  60  66  72  78  84  90  96  102  108  114 
TIME  — 


FIG.  4.22  ALUMINUM  STRIP  BUCKLING  WITHIN  A  40,000-psi  AXIAL 

STRESS  WAVE  (time  measured  from  compressive  reflection  at  lower  jaw) 


ha, $&&&&  g&is&tama&XiKm S«-Wr 


0.?  x  0.0125-inch  cross  section  and  a  length  of  30  inches  between  notch 
and  lower  jaw.  The  photographs  show  only  a  few  inches  of  the  strip  just 
above  the  lower  jaw.  The  magnitude  of  the  compressive  wave  was  approxi¬ 
mately  40,000  psi,  between  10  and  20  percent  below  the  yield  stress.  It 
was  photographed  by  an  ultrahigh- speed  framing  camera  at  a  framing  rate 
giving  6  microseconds  between  frames.  In  the  figure,  at  18  psec  after 
the  arrival  of  the  compressive  wave  the  strip  appears  straight,  but  care¬ 
ful  measurements  show  that  it  is  slightly  buckled  even  at  this  early  time. 
At  24  Psec  the  deflection  is  perceptible  in  the  printed  reproduction  here 
and  at  later  times  the  developing  buckles  are  clearly  visible.  All  the 
buckles  remain  nearly  fixed  in  position  and  merely  grow  in  amplitude,  just 
as  in  the  idealized  eccentric  impact  example.  The  lowermost  buckle  con¬ 
tinues  to  grow  throughout  the  time  shown,  but  the  upper  buckles  oscillate 
beyond  70  Psec  because  the  very  large  deflection  of  the  lower  buckles 
reduces  the  thrust  by  allowing  the  remainder  of  the  bar  to  move  toward 
the  jaw.  The  rapidity  of  the  buckling  is  demonstrated  by  the  lateral 
velocity  of  the  crest  of  the  lowermost  wave,  calculated  to  be  75  fps. 

The  wavelength  of  the  lower  buckle  is  about  0.47  inch,  very  Close  to  the 

value  of  0.50  inch  calculated  for  the  preferred  wavelength  \  from  the 

P 

theory. 


4.8.2  Streak  Camera  Observations — Effects  of  the  Moving 
Stress  Wave 


The  theory,  of  course,  is  not  strictly  applicable  to 
the  impact  problem  because  it  assumes  that  the  thrust  is  uniform  through¬ 
out  the  length  of  the  bar.  In  impact,  the  thrust  is  applied  by  the  mov¬ 
ing  axial  stress  wave  and  at  each  instant  only  the  distance  enveloped  by 
the  wave  is  under  compression.  To  observe  possible  effects  of  this  mov¬ 
ing  wave,  and  also  to  observe  early  exponential  buckling  growth  as  pre™ 

17 

dieted  by  the  theory,  another  experimental  arrangement  was  used  to 
amplify  the  tiny  early  motion.  Instead  of.  observing  the  buckling  directly 
in  an  edge-on  view  as  in  Fig.  4.22,  the  strip  was  polished  on  one  side 
and  the  reflected  image  of  a  series  of  light  sources  was  viewed  with  a 
streak  camera  as  shown  in  Fig.  4.23.  The  shift  in  position  of  the  light 


195 


4 


source  is  proportional  to  the  product  of  the  small  change  in  slope  of 
the  strip  at  the  point  in  which  the  image  forms  and  the  distance  between 
the  light  source  and  the  strip.  With  this  method,  deflections  of  the 
order  of  50  millionths  of  an  inch  were  easily  resolved  and  the  exponen¬ 
tial  growth  was  observed. 


FIG.  4.23  OPTICAL  LEVER  METHOD  OF  OBSERVING 
BUCKLING  SLOPE 
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A  plot  of  peak  displacement  versus  time  (assuming  the 
buckle  was  a  simple  sine  wave  at  the  observed  0.65-inch  wavelength)  is 
shown  in  Fig.  4.24  for  one  such  experiment.  The  magnitude  of  the  stress 
wave  in  this  experiment  was  approximately  30,000  psi  and  the  cross  section 
of  the  aluminum  strip  was  0.50  x  0.0116  inch.  The  experimental  points 
are  peak  displacements  A(t)  measured  from  the  initial  (unmeasured)  dis¬ 
placement  Aq.  The  lower  smooth  curve  passing  through  these  points  is  a 
theoretical  curve  calculated  under  the  assumption  that  the  growth  is 


T 


FIG-  4.24  EXPERIMENTAL  (points,  (or  deflection  only)  AND  THEORETICAL 
(curves)  BUCKLE  AMPLITUDE  vs.  TIME  (matched  at  22  psec) 
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adequately  represented  by  the  preferred  mode. 
Eq.  (1.69),  the  amplitude  of  this  mode  is 


Taking 


A(t)  =  2A  [cosh  (t/2)  -  l]  (4.112) 

o 

Using  e  =  0.003,  c  =  0.20  In/M-sec,  and  r  =  0.0116/^12'  inch  In 

Eq.  (4.57)  gives  t  =  0.18  t,  with  t  in  Usee.  The  Fourier  coefficient 

—5 

A  of  the  equivalent  initial  imperfection  was  adjusted  to  9.1  x  10 
o 

inch  to  fit  the  experimental  data  as  shown.  The  upper  curve  is  the  cal¬ 
culated  total  amplitude  Aq  +  A(t). 

This  experiment  demonstrates  that  the  observed  buckling 
consists  of  exponential  growth  which  can  be  calculated  quite  adequately 
by  the  simple  theory.  The  simple  uniform  thrust  theory  is  adequate, 
even  though  the  thrust  is  applied  by  a  moving  stress  wave,  because  the 
stress  wave  has  moved  a  large  distance  along  the  bar  before  significant 
buckling  displacements  appear.  For  example,  in  Fig.  4.24,  the  peak  am¬ 
plitude  of  the  buckling  is  only  about  0.001  inch  (giving  a  bending  stress 
of  4600  psi,  well  within  the  elastic  limit)  at  30  M-sec  after  passage  of 
the  axial  stress  wave.  At  30  H-sec  the  stress  wave  has  propagated  about 
6  inches  along  the  bar,  about  10  times  the  observed  wavelength  of  0,65 
inch. 


However,  the  high  magnification  of  the  optical  lever 

did  reveal  that  the  axial  impact  produced  very  high  frequency  bending 

vibrations  superimposed  on  the  buckling  motion.  On  the  original  streak 

* 

camera  record  an  oscillation  was  observed  having  a  period  of  3.1  Usee 
(320  kc/s)  and  a  peak-to-peak  amplitude  of  about  5  x  10  inch.  The 
oscillations  appeared  to  be  a  wave  train  propagating  along  the  bar  from 
the  impact  at  the  lower  jaw  at  a  phase  velocity  of  0.075  inch/M-sec, 
giving  a  wavelength  of  (0.075)  (3.1)  =  0.23  inch.  These  oscillations 
had  little  effect  on  the  buckling,  apparently  because  of  this  short  wave¬ 
length  and  because  their  period  was  so  short  compared  to  the  buckling 


* 


These  were  observed  on  all  three  experiments  performed. 


motion  (3.1  Msec  corresponds  to  AT  ~  0.55).  Thus  we  can  conclude  that 
effects  dependent  upon  the  moving  axial  stress  front  had  a  negligible 
effect  on  the  buckling. 

The  argument  concerning  the  distance  the  axial  stress 
wave  has  traveled  during  the  buckling  motion  can  be  stated  analytically. 
From  the  theory,  wc  have  seen  that  whether  we  assume  the  imperfections 
are  local  in  nature,  as  in  eccentric  impact,  or  consist  of  a  general  ran¬ 
dom  form  of  imperfections,  the  wavelength  of  the  buckles  is  always  quite 
close  to  the  wavelength  X^  =  2rr •J2P  of  the  preferred  mode.  Also,  the 
magnification  of  the  buckling  motion  depends  only  on  t  ,  all  other 
essential  parameters  having  been  included  in  its  definition.  It  seems 
reasonable  to  assume  that  effects  of  the  axial  stress  wave  will  be  small 
as  long  as  significant  magnification  takes  place  only  after  the  axial 
wave  has  passed  several  buckle  wavelengths  along  the  bar.  Without  speci¬ 
fying  a  numerical  value,  we.  assume  that  the  buckled  form  is  unalterably  ' 
determined  (e.g„,  the  buckled  deformations  are  much  larger  than  the  initial 

imperfections)  at  a  critical  time  t  .  Using  the  definition  t  in 

cr 

Eq.  (4.57)  gives  for  the  corresponding  real  time 


s  c 


(4.113) 


Real  time  t  can  be  expressed  in  terms  of  the  number  N  of  preferred 

wavelengths  L  through  which  the  axial  stress  wave  passes  at  velocity  c, 
P 

giving 


t  = 


cs 


N 


(4.114) 


Putting  this  into  expression  (4.113)  for  critical  time  and  using  the 
definition  of  s  in  Eq.  (4.57)  gives 


N 


cr 


(4.115) 


This  suggests  that  neglect  of  axial  wave  effects  depends  only  on  the  com¬ 
pressive  strain  of  the  axial  thrust.  In  metals  this  strain  is  very  small 
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within  the  elastic  limit  and,  as  we  have  observed,  elastic  buckling  is 
adequately  represented  by  the  constant  thrust  theory. 

4.8.3  Experiments  on  Rubber  Strips — Statistical  Observations 

Since  formula  (4.115)  suggests  that  axial  wave  front 

effects,  if  any,  would  be  more  pronounced  at  large  compressive  strains, 

confidence  in  the  theory  would  be  enhanced  for  metals  if  it  could  be 

demonstrated  experimentally  that  the  theory  is  acceptable  in  a  material 

which  can  withstand  large  elastic  compressive  strains.  Pure  gum  rubber 

is  such  a  material  and  experiments  have  been  performed  using  this  ma- 

17 

terial  to  strains  up  to  about  15%. 

The  apparatus  for  these  experiments,  in  Fig.  4.25,  is 
very  simple  and  can  be  used  for  classroom  demonstrations.  A  strip  of 
pure  gum  rubber  0.0375  x  0.50  inch  in  section  and  about  1  foot  long  was 
looped  over  one  end  of  a  rigid  support  bar  and  secured  by  means  of  masking 
tape  as  shown,  with  extra  layers  of  tape  wound  above  and  below  the  rubber 
strip  so  that  its  end  was  separated  from  the  support  and  cover  bar.  The 
cover  bar  is  shown  above  this  assembly  in  the  photograph.  A  strip  of 
emery  cloth  has  been  glued  to  it  and  saturated  with  chalk  dust. 


C  <9 

FIG.  4.25  APPARATUS  AND  TYPICAL  RECORD  FOR  BUCKLING 
RUBBER  STRIPS 
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To  perform  an  experiment,  the  free  end  of  the  strip  was 
held  between  thumb  and  forefinger,  the  cover  bar  placed  over  the  strip, 
chalked  side  down  and  not  touching  the  strip,  and  then  the  strip  was 
stretched  to  a  specified  strain  and  released.  The  wrinkled  strip  im¬ 
pacted  the  chalk  bar  with  sufficient  velocity  that  a  well-defined  line 
was  left  on  the  strip  at  the  crest  of  each  wave,  as  shown.  The  positions 
of  these  lines  were  easily  measured  to  an  accuracy  of  0.01  inch. 

To  examine  the  applicability  of  the  random  noise  assump¬ 
tion  for  imperfections,  in  addition  to  the  applicability  of  the  constant 
thrust  theory,  many  experiments  were  performed  so  that  statistical  distri¬ 
butions  could  be  prepared.  Figure  4.26  gives  histograms  of  the  measured 
wavelengths  for  several  values  of  initial  tensile  elongation.  These  data 
were  taken  from  tests  on  18  strips,  each  tested  at  all  the  strains,  from 
smallest  to  largest  strain  in  order  to  minimize  any  perturbations  caused 
by  the  wrinkling  of  a  previous  test .  Buckling  at  a  strain  greater  than 
25%  is  rather  violent  and  leaves  the  strip  with  a  definite  bias  toward 
the  corresponding  wavelength.  The  number  of  waves  observed  in  each  test 
varied  from  2  to  3  at  3%  strain  up  to  12  at  16%  strain.  The  same  strip 
tested  repeatedly  at  the  same  strain  gave  an  almost  identical  wave  pattern 
each  time,  consistent  with  our  mathematical  model  in  which  the  imper¬ 
fections  are  assumed  random  but  fixed  for  any  given  bar.  Data  from  only 
the  first  test  at  each  strain  were  used  for  the  histograms.  Each  histo¬ 
gram  has  a  total  of  65  observations  so  they  can  be  compared  directly. 

It  is  significant  that  the  general  shape  of  all  histo¬ 
grams  is  the  same  and  that  the  ratio  between  the  standard  deviation  and 
mean  value  is  nearly  constant  over  the  entire  range  of  strains,  as  shown 
in  Fig.  4.26.  This  demonstrates  that  the  statistics  are  inherent  in  the 
buckling  process  and  are  not  the  result  of  errors  in  measurement.  It 
also  indicates  that  the  strips  had  no  preferred  wavelength  characteristic 
of  a  manufacturing  process.  If  these  distributions  are  compared  with 
the  distribution  in  Fig.  4.18,  calculated  assuming  that  initial  imper¬ 
fections  can  be  represented  by  white  noise,  we  see  that  the  white  noise 
assumption  gives  a  very  good  description  of  the  observed  buckling. 
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FIG.  4.26  HISTOGRAMS  OF  OBSERVED  BUCKLE  WAVELENGTHS 
FOR  SEVERAL  INITIAL  TENSILE  STRAINS 
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To  compare  the  observed  wavelengths  with  the  uniform 
thrust  theory,  the  large  strains  involved  must  be  taken  into  account. 
Only  the  final  compressive  strain  resulting  from  the  initial  tensile 
strain  is  needed,  so  the  corrections  can  be  obtained  without  reference 
to  the  details  of  large  strain-wave  propagation.  It  is  sufficient  to 
assume  that  the  rubber  behaves  elastically  so  that  the  potential  energy 
stored  in  compression  equals  the  initial  potential  energy  in  tension. 
Tensile  stress-strain  tests  were  performed  on  sample  strips  which  showed 
that  true  stress  was  linear  with  elongation  out  to  at  least  100%  with  a 
Young's  modulus  of  285  psi.  Thus  the  initial  tensile  force  F  in  the 
strip  is  given  by 

A 

F=  Ee  T— 2-  (4.116) 

l  +  e 


where  A  is  the  unstressed  cross-sectional  area  of  the  strip  and 
o 

0  =  (jt  -  i  )/i  is  the  elongation.  The  Initial  stored  energy  at  uni- 
o  o 

form  tensile  elongation  is  equal  to  the  work  done  by  the  end  force 


F(z)  , 


l  -  l 


\  i 


(4.117) 


where  z  is  in  the  position  of  the  moving  end  of  the  strip.  Similarly, 
the  compressive  energy  stored  in  the  strip  is 


U  =  -  EA  l  log  (1  -  €  ) 
c  o  o  e  c 


(4.118) 


expressed  so  that  the  compressive  strain  ec  is  a  positive  quantity. 
Equating  these  energies,  the  compressive  strain  is  simply 


e 


c 


(4.119) 


Further,  the  increased  thickness  h  from  the  unstressed  thickness  h 


I 


assuming  the  rubber  is  incompressible,  is 


(4. 120) 


(1  -  €  ) 
c 


The  last  correction  to  be  made  accounts  for  the  wrinkles  being  formed  at 

axial  strain  e  but  measured  when  the  strip  has  returned  to  zero  strain, 
c 

The  ratio  of  the  observed  wavelength  £  to  tne  wavelength  while  under 

compression  is,  bv  the  definition  of  e  ) 

c 


(4.121) 


The  wavelength  of  the  "most  amplified"  mode  in  dimen¬ 
sionless  coordinate  Z  is  X  =  2 J  2  n  .  Using  this  with  Eqs.  (4.57) 

T— I  P 

and  r  =  h/ j  12  ,  the  wavelength  of  the  most  amplified  mode  while  the 
strip  is  under  compression  is 


l  .  =  n 
pc 


(4.122) 


After  the  strip  has  relaxed,  this  preferred  length  would  be  elongated 
according  to  (4.121).  Using  (4.122)  in  (4.121)  with  (4.119)  and  (4.120) 
the  elongated  length  is  given  by 


V  " 


1/2  (l  +  eT) 


(4.123) 


In  Fig.  4.27  the  observed  wavelengths  of  Fig.  4.26  are 
plotted  against  this  preferred  length,  the  circled  points  giving  the 
mean  values  and  the  bars  extending  one  standard  deviation  above  and  below 
the  circles.  The  mean  values  fall  very  close  to  a  straight  line  through 
the  origin,  and  the  ends  of  the  standard  deviation  bars  are  also  closely 
bounded  by  straight  lines.  These  observations  suggest  that  Eq.  (4.123) 
gives  the  proper  form  of  variation  with  strain.  However,  the  ratio  be¬ 
tween  observed  and  preferred  wavelengths  (the  slope  of  the  line  through 
the  circles)  is  3.70  here  as  compared  to  only  1.07  for  the  aluminum 


experiments  given  in  Fig.  4.18.  This  difference  is  attributed  to  strain- 
rate  effects  in  the  rubber.  If,  for  example,  these  effects  are  lumped 
into  an  effective  dynamic  compressive  modulus  k  times  the  static  tensile 
modulus,  the  preceding  theory  gives  a  slope  of  1.00  for  k  =  2. 


PREFERRED  WAVELENGTH  (COMPUTED)  —  inches 


FIG.  4.27  MEASURED  vs.  THEORETICAL  WAVELENGTHS 
(bars  extend  one  standard  deviation  above  and  below 
mean  value) 
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Although  the  foregoing  interpretation  of  the  discrepancy 
between  the  aluminum  and  rubber  experiments  is  somewhat  speculative,  the 
smooth  variation  of  measured  wavelength  with  strain  strongly  supports  the 
conclusion  that  lateral  motion  immediately  behind  the  axial-stress  front 
has  a  negligible  effect  on  the  wrinkle  formation  and  that  a  constant- 
thrust  theory  can  be  used  with  confidence.  The  main  effect  of  the  travel¬ 
ing  thrust  is  that  the  duration  of  the  thrust  decreases  as  one  moves  away 
from  the  struck  end,  and  this  could  easily  be  accounted  for  by  sraply 
assigning  a  different  duration  to  each  wrinkle.  This  conclusion  should 
also  be  applicable  to  more  complicated  structures,  such  as  cylindrical 
shells  under  axial  impact.  For  large  deflections,  it  might  prove  neces¬ 
sary  also  to  compute  a  new  thrust  for  each  wave,  reduced  owing  to  lateral 
deflections  in  preceding  waves. 

4.8.4  Buckling  Thresholds  in  Aluminum  Strips 


To  obtain  estimates  of  equivalent  imperfections  to  be 

used  in  estimating  thresholds  of  pulse  buckling,  experiments  were  run 

on  thin  6061-T6  aluminum  strips  using  a  tensile  testing  machine  as 

described  previously.  Tests  were  run  on  strips  1/2  and  1/4  inch  wide 

* 

and  0.0124  and  0.025  inch  thick.  The  initial  tensile  stress  (and 
reflected  compressive  stress)  was  nominally  adjusted  to  0.4  and  0.7 
times  the  yield  stress  of  42,000  psi  by  appropriately  sized  fracture 
notches  in  the  strips.  Duration  of  the  thrust  at  the  lower  jaw  was 
varied  by  varying  the  length  L  between  the  notch  and  lower  jaw,  the 
duration  being  2L/c.  For  each  combination  of  strip  width,  thickness, 
and  compressive  stress,  tests  were  run  at  increasing  lengths  until  plastic 
buckles  appeared.  These  were  observed  by  sighting  down  the  shiny 
finish  of  the  strips,  a  simple  procedure  with  high  resolution.  The 
dimensionless  time  t  ,  from  its  definition  in  Eq.  (4.57),  is 


2e  L 
c 


(4.124) 


Two  widths  were  tested  at  each  thickness  to  examine  the  effect  of  frac¬ 
ture  time  on  buckling.  It  was  found  that  possible  effects  were  masked 
by  changes  in  critical  loads  caused  by  random  variations  in  imperfections. 
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Figure  4.28  gives  a  plot  from  tests  at  many  combinations 
of  axial  stress  and  duration,  with  open  points  representing  tests  in  which 
no  buckling  was  observed  and  solid  point  3  tests  in  which  buckling  was  ob¬ 
served.  The  upper  points  (longer  duration,  buckling)  are  all  solid  and 


FIG.  4.28  COMPARISON  OF  OBSERVED  BUCKLING 

TO  CRITICAL  CURVES  FOR  IMPERFECTIONS 
IN  PREFERRED  MODE  PROPORTIONAL 
TO  STRIP  THICKNESS 
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the  lower  points  (shorter  duration,  no  buckling)  are  nearly  all  open,  as 
would  be  expected.  At  intermediate  durations  buckling  and  no-buckling 
points  are  intermingled  as  a  result  of  the  random  nature  of  the  imper-  ^ 

fections.  Also  given  on  the  same  graph  are  theoretical  curves  similar  to 
the  dotted  curve  in  Fig.  4.20  for  assumed  imperfections  in  the  preferred 
mode  proportional  to  strip  thickness.  The  experimental  transition  band 
of  intermingled  points  between  no  buckling  and  buckling  follows  the  trend 
of  the  theoretical  curves,  with  equivalent  imperfections  in  the  experi¬ 
ments  ranging  from  about  0.01  to  0.03  times  the  thickness  of  the  bar. 

The  most  severe  buckles  generally  appeared  at  the  jaw 
or  one  plastic  hinge  from  the  jaw,  as  would  be  expected  because  of  the 
longer  duration  of  thrust  near  the  jaw  and  the  possibility  of  eccentric 
loading  (see  Fig.  4.14).  As  often  as  not,  however,  3  or  4  plastic  hinges 
were  observed,  suggesting  that  random  imperfections  throughout  the  bar 
were  at  least  as  important  as  eccentric  loading.  Buckling  a  few  wave¬ 
lengths  away  from  the  jaw,  of  course,  had  to  take  place  in  a  somewhat 

* 

shorter  time,  thus  increasing  the  equivalent  imperfections  above  those 
implied  in  Fig.  4.28.  However,  this  effect  is  small  because  the  wave¬ 
length  of  the  buckling  is  small  compared  to  2L,  as  discussed  in  relation  ^ 

to  Eq.  (4.115).  Thus  we  can  conclude  that  random  imperfections  in  these 
tests  were  equivalent  to  single  imperfections  in  the  preferred  mode  of 
from  1  to  3%  of  the  strip  thickness. 

4.9  Dynamic  Plastic-Flow  Buckling 

In  all  the  preceding  theory  the  axial  stress  was  much  greater 
than  the  static  Euler  buckling  stress,  but  was  nevertheless  assumed  to 
be  within  the  elastic  range.  Even  if  the  stress  exceeds  the  yield  stress, 
however,  the  mathematics  of  the  elastic  theory  can  still  be  used.  For 
this  treatment  it  is  assumed  that  the  axial  stress  increases  as  buckling 
takes  place,  as  in  the  Shanley  hypothesis  in  Fig.  4.9.  Thus, buckling 
flexure  is  accompanied  by  moments  proportional  to  the  tangent  modulus 
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and  the  equation  of  motion  is  the  same  as  Eq.  (4.4)  in  elastic  buckling 


with  E  replaced  by  E^. 


Ei  si 


dx 


4  p  — 2  (y  +  yc)  +  pa  2 

dx 


H  =  0 

at2 


(4.125) 


Similarly,  if  dimensionless  variables  w,  §,  and  t  are  introduced  using 
Eq.  (4.57),  with  the  following  modifications, 


T  = 


S2c  t 

_ E_ 


r  p  p 

the  equation  of  motion  (4.125)  becomes 


2  =  ft  s2  =  _E_  =  fi 

“t  Et 


(4.126) 


iiii  1 1  ,  ”  !• 

w  +  w  +  w  =  -  w 

o 


(4.127) 


which  is  identical  to  Eq.  (4.58).  In  Eq.  (4.126)  it  has  been  assumed 
that  the  small  increase  in  p  beyond  yield  can  be  neglected  and  that 
is  constant. 

The  mathematics  for  the  plastic  problem  is  therefore  identical 
to  that  in  the  elastic  problem,  yielding  a  "preferred"  mode  with  wave¬ 
length  §  =  2rr ,  and  resulting  in  large  growth  for  5  <  t  <  10.  In 

physical  units,  of  course,  these  quantities  are  much  different  in  the 
plastic  problem.  Using  the  definition  £  =  sx/r  from  Eq.  (4.57),  we 
see  from  Eq.  (4.126)  that  the  ratio  of  preferred  wavelengths  in  the 
plastic  and  elastic  problems  is 

.  /i.fl\1/2  (4.128) 

^elastic  \  y  / 


For  many  engineering  metals  the  elastic  modulus  is  about  100  times  the 
tangent  modulus,  so  that  buckles  formed  during  plastic  flow  have  wave¬ 
lengths  at  least  an  order  of  magnitude  smaller  than  in  elastic  buckling. 
The  buckling  times  are  also  an  order  of  magnitude  smaller,  as  is  seen  by 
comparing  the  definitions  of  T  in  Eq.  (4.57)  and  (4.126),  giving 


t  /  E  \  1/2 

plastic  0  I  t  \ 

t  '  a  \  E  / 

elastic  y  \  ' 


(4.129) 
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As  in  elastic  buckling,  the  most  directly  applicable  physical 
problem  for  the  plastic-f low  buckling  theory  is  axial  impact  of  a  bar 
against  a  massive  target.  From  Eq.  (4.111),  impact  velocities  that  re¬ 
sult  in  plastic  flow  are  greater  than 


V  =  -2  = 


=  «  e 
pc  y 


(4. 130) 


where  is  yield  strain  and  c  is  elastic  wave  velocity.  For  alumi¬ 

num,  magnesium,  and  steel,  c  is  near  16,000  ft/ sec  and  a  typical  yield 
strain  is  0.005.  In  these  metals  plastic  flow  buckling  therefore  occurs 
for  velocities  greater  than  about  80  ft/sec  ;  at  smaller  velocities  the 
initial  buckling  is  elastic.  Since  E^  does  not  decrease  abruptly  at 
yield,  there  is  a  small  transition  in  velocity  over  which  buckle  wave¬ 
lengths  and  times  decrease  by  an  order  of  magnitude.  The  transition  zone 
is  narrow,  however,  because 


■  /or 


(4.131) 


(the  generalization  of  Eq.  (4.130)  to  a  continuously  changing  modulus  ) 
increases  slowly  beyond  yield.  Inclusion  of  a  continuously  changing 
modulus  in  the  buckling  theory  is  given  in  the  next  chapter  for  cylindri¬ 
cal  shells  subjected  to  radial  impulse. 
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CHAPTER  5 


DYNAMIC  PULSE  BUCXLING  OF  CYLINDRICAL  SHELLS 
UNDER  TRANSIENT  LATERAL  PRESSURES 

by 

H.  E.  Lindberg 

5 . 1  Introduction 

Cylindrical  shells  subjected  to  transient  lateral  pressures 
(produced,  for  example,  by  blast  waves)  often  fail  by  dynamic  pulse 
buckling.  Three  examples  of  dynamically  buckled  shells  are  given  in 
Fig.  5.1,  the  only  difference  between  them  being  the  peak  pressure  and 
duration  of  the  applied  load.  The  shell  on  the  left  was  subjected  to 
an  impulsive  pressure  (duration  short  compared  to  the  shell  response 
time)  and  has  buckled  into  a  very  high  order  wave  pattei'n  with  n  =  *5 
waves  around  the  circumference.  The  shell  in  the  center  was  subjected 
to  a  quasi -impulsive  pressure  (duration  comparable  to  the  shell  response 
time)  and  has  several  buckles  around  the  circumference,  corresponding  to 
n  =  13  The  shell  on  the  right  was  subjected  to  a  quasi-static  pressure 
(duration  long  compared  tc  the  shell  response  time)  and  has  buckled  into 
n  =  7,  very  close  to  the  static  pattern  for  this  shell.  This  chapter 


(a)  IMPULSIVE  LOAD 
n  as  45 


(b)  QUASI -IMPULSIVE  LOAO  (e)  QUASI-STATIC  LQAO 
n  st  13  n  of  7 


FIG.  5.1  IDENTICAL  SHELLS  BUCKLED  FROM  PULSE  LOADS  OF  VARIOUS  DURATIONS 
{6061  -T 6  aluminum,  a/h  =  100,  L/D  =  l) 
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is  concerned  with  buckling  over  the  entire  range  of  load  durations,  from 
ideal  impulses  to  durations  so  long  that  the  buckling  is  essentially 
static . 


At  each  extreme  of  pulse  duration  tne  analysis  becomes  relatively 
simple,  and  theories  for  the  extremes  have  been  given  in  the  literature. 
For  very  short  durations  the  load  is  characterized  entirely  by  the  im¬ 
pulse,  and  the  wavelength  of  the  buckling  is  so  short  that  the  length  of 
the  shell  is  unimportant.  Thus  two  parameters,  load  duration  and  shell 
length,  are  eliminated  from  the  problem  and  the  solutions  become  parti¬ 
cularly  simple.  These  are  given  by  Abrahamson  and  Goodier^  for  relatively 

2 

thick  shells  and  by  Lindberg  for  very  thin  shells. 

For  very  long  durations  the  load  is  characterized  entirely  by 
peak  pressure  and,  although  the  length  of  the  shell  must  be  considered, 
it  is  shown  here  that  inertia  forces  can  be.  neglected  and  the  solution 
is  again  relatively  simple.  This  is  a  classical  static  buckling  problem 
and  is  given  in  several  standard  texts,  for  example  Ref.  3.  Between 
these  extremes,  pressure,  duration,  shell  length,  and  inertia  forces 
must  all  be  considered.  No  previous  investigations  of  this  problem 
are  known  to  the  authors.  The  present  analysis  treats  this  problem  and 
contains  the  simple  theories  as  special  cases. 

The  problem  taken  is  that  of  a  simply-supported  cylindrical 

shell  subjected  to  external  surface  pressures  uniform  around  the  cir- 
* 

cumference.  The  time  variations  of  pressure  considered  are  triangular 
and  exponential  in  shape,  as  shown  in  Fig.  5.2.  However,  it  is  postu¬ 
lated  that  the  most  significant  load  characteristics  are  peak  pressure  and 
impulse.^  Therefore,  in  the  theory  to  follow,  loads  that  cause  buckling 


* 

Applicability  of  the  solution  to  asymmetric  loads  is  discussed  later. 

^Abrahamson4  has  shown  that  the  response  of  a  wide  variety  of  structures 
to  blast-type  loads  is  most  conveniently  summarized  in  terms  of  the 
peak  pressure  and  impulse  of  the  load. 


T  TIME  t  T  TIME  t 

(a)  TRIANGULAR  (b)  EXPONENTIAL 


U  S22fi  mV 

FIG.  5.2  PULSE  SHAPES 


are  characterized  by  these  quantities,  anti  for  each  type  of  shell  a 
"critical  curve"  for  buckling  is  generated  in  the  pressure-impulse 
plane  as  shown  in  Fig.  5.3.  Impulse  (per  unit  surface  area)  for  the 
triangular  pulse  is  I  =  PT/2,  where  T  is  pulse  duration,  and  for  the 
exponential  pulse  is  I  =  PT,  where  T  is  the  pulse  time  constant  as 
shown  in  Fig.  5.2. 


FIG.  5.3  PULSE  REGIONS  AND  SCHEMATIC 
CRITICAL  CURVE  FOR  BUCKLING 
IN  THE  PRESSURE-IMPULSE 
PLANE 
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5.2  Idealized  Models 

Loads  that  produce  the  types  of  buckling  in  the  three  shells  in 
Fig.  5.1  fall  into  three  corresponding  load  regions  indicated  in  Fig.  5.3. 
Since  the  response  of  the  shell  differs  widely  from  one  region  to  another, 
the  analysis  is  based  on  three  corresponding  models — a  "tangent  modulus" 
model  for  impulsive  loads,  an  "elastic”  model  for  quasi-static  loads,  and 
a  'strain-reversal'  model  for  a  narrow  range  of  quasi -impulsi ve  loads  for 
which  neither  of  the  other  models  is  applicable. 

Under  impulsive  loads  it  has  been  found  that, except  in  very  thin 
shells,  buckling  occurs  only  when  the  load  is  sufficiently  intense  to 
produce  membrane  plastic  flow.  In  the  early  motion  buckling  takes  place 
with  no  strain  reversal  and  is  therefore  governed  by  the  tangent  modulus, 
hence  the  name  for  this  model.  Fortunately,  as  shown  in  Fig.  5.1a,  the 
buckling  is  in  high  order  inodes;  thus  the  effects  of  the  ends  are  unim¬ 
portant  beyond  a  few  wavelengths  from  the  ends  and,  in  the  tangent  modulus 
model,  the  shell  will  he  treated  aa  infinitely  long.  The  analysis  will 
follow  that  given  in  Ref.  5  except  that  finite  pulse  durations  will  be 
considered. 

Under  quasi-static  loads  buckling  occurs  in  lower  order  modes, 
directly  dependent  on  the  length  of  the  shell  as  shown  in  Fig.  5.1c.  How¬ 
ever,  for  most  metal  shells  of  present  interest,  this  buckling  takes 
place  at  pressures  sufficiently  low  that  the  early  buckling  growth  is 
elastic,  hence  the  name  for  this  model.  Static  elastic  theory  is  simply 
extended  to  the  dynamic  problem  by  including  radial  inertia  terms. 

Under  quasi-impulsive  loads  the  membrane  stress  can  be  plastic 
as  under  impulsive  loads,  but  significant  buckling  deformation  takes 
place  only  after  several  oscillations  m  the  hoop  mode.  To  treat  this 
buckling  a  strain  reversal  model  is  used  which  considers  nonlinear 
stress  variations  across  the  section,  influenced  by  both  the  membrane 
and  flexural  motion.  This  requires  that  the  cross  section  be  divided 
into  laminates,  and  the  resulting  theory  becomes  more  complex.  Since 
it  serves  mainly  to  support  the  general  character  of  the  critical  curves 
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derived  by  the  simpler  theories,  only  the  results  from  this  analysis  are 
presented  here. 
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5.3  Equations  of  Motion 

5.3.1  Tangent  Modulus  Model 


denoted  by  t 


The  notation  adopted  is  shown  in  Fig.  5.4.  With  time 
and  angular  position  on  the  cylinder  denoted  by  9  ,  we 
are  concerned  in  this  model  with 
radial  displacements  w(9,t),  measured 
positi-'e  inward  from  an  initial  un¬ 
stressed  deformation  w^CG),  in  an 
infinitely  long  shell.  The  equations 
of  motion  for  this  problem  are  derived 
by  Abrahamson  and  Goodier . ^  Under 
impulsive  or  nearly  impulsive  radial 
pressure,  the  shell  elements  initially 
move  inward  nearly  uniformly  to  a 
smaller  radius,  inducing  plastic  cir¬ 
cumferential  membrane  strains.  The 
fundamental  assumptiou  is  that  during 
the  early  buckling  motion  the  circum¬ 
ferential  strain  across  the  section  is 
dominated  by  this  membrane  plastic  flow,  and  therefore  flexural  motion 
is  accompanied  by  bending  moments  proportional  to  the  instantaneous  tan¬ 
gent  modulus;  the  strains  in  both  the  inner  and  outer  fibers  continue  to 
move  along  the  plastic  stress- strain  curve,  but  one  lags  behind  the  other 
because  of  the  flexure.  In  the  present  problem  we  wish  to  treat  a  con¬ 
tinuously  varying  tangent  modulus  Et  ,  so  the  notation  in  Ref.  5  is 
used.  Constant  shell  and  material  parameters  are  defined  by 


FIG.  5.4  COORDINATES  AND  SHELL 
NOMENCLATURE 
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a  = 
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2  E 
c  =  — 
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(5.1) 


where  a  is  the  shell  radius,  h  its  wall  thickness  as  shown  ii  Fig.  5.4, 


217 


L 
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E  is  Young's  (elastic)  modulus,  and  p  is  mass  density.  Dimensionless 
forms  of  the  displacement  and  time  variables  are  defined  by 


(5.2) 


* 

and  a  dimensionless  form  of  the  external  pressure  p  ,  including  small 
nonsymmetric  perturbations,  is  given  by 


p(8, T) 


Eh  P  (0'T) 


(5.  J) 


With  this  nomenclature,  the  equation  of  motion,  from  Ref.  5,  is 


a  A 
.  t  d  u 

u  +  — - - -  •* 

E  >  4 

30 


rA,!a 

E  E 


a2 

39 


d2u. 


30 


(5.4) 


in  which  dots  indicate  differentiation  with  respect  to  t  and  o  is 


6 


the  circumferential  membrane  stress. 


For  simplicity,  we  will  treat  only  the  cos  nj  terms 
in  the  initial  shape  and  pressure  imperfections  so  that  the  displace 
ments  and  pressure  can  be  expanded  in  the  series 


^(0)  =  6n  cos  n0 

n=l 


(5.5) 


u(Q,t)  =  u  (t)  +  Y\  u  (t)  cos  n0 
o  “  n 

n=l 


(5.5) 


p(0,T)  =  Pq(t)  +  5^  pn^ t)  cos  nfl 
’  n=l 


( !>.  7) 


Substituting  these  into  (5.1)  and  equating  the  coefficients  of  each  term 
in  the  series  gives 


•  •  Q 

u  +  ( 1  +  u  )  =  p 

o  E  o  o 


(5.8) 


,  2  .%fa  Et  2  ffll  /e,2  ,u  (5.9) 

un  +  (n  "  1)L“e—  n  "  E  JUn  =  pn  F  (n  "  1)6n 


1 


r 


1 


) 
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The  shell  Is  taken  at  rest  in  the  initial  unstressed  rendition,  giving 
initial  conditions 

U  (0)  =  u  (0)  =  0  ,  n  -  0,  1,  2,  ...  (5.10) 

n  n 

The  normalized  amplitude  of  the  hoop  mode  is  the 

membrane  strain  so  that  is  small  and  omitted  compared  to  unity 

in  Eq.  (5.8),  giving  a  linear  equation.  Simple  analytic  solutions  for 
for  ;he  triangular  and  exponential  pulses  in  Fig.  5.2  were  obtained 
by  replacing  the  actual  stress-strain  curve  by  two  straight  lines,  one 
at  the  elastic  slope  E  and  the  other  at  an  average  strain-hardening 
modulus  ,  For  the  flexural  motion,  however,  E  appears  as  a  co¬ 
efficient  in  Eq.  (5.9)  and  a  continuous  variation  of  was  used. 

With  u  (t)  =  e  (t)  known,  a.  and  E  were  taken  as  functions  of 

o  o  9  +  t 

time  from  the  stress-strain  curve,  inserted  into  Eq.  (5.9),  and  the 
motion  of  the  flexural  modes  were  found  by  numerical  integration.  The 
material  properties  used  are  given  in  Appendix  A. 

5.3.2  Elastic  Model 

The  governing  equations  of  motion  for  the  elastic 

g 

model  are  obtained  using  Donnell's  equations  with  the  addition  of 
inertia  terms.  As  in  the  static  buckling  analysis  of  cylindrical  shells, 
the  uniform  radial  deformation  is  assumed  to  be  independent  of  the  length 
and  end  conditions,  but  it  is  required  that  the  superimposed  flexural  de¬ 
formations  satisfy  the  end  constraints.  This  assumption  allows  the 
equation  of  motion  to  be  separated  into  individual  uncoupled  equations 
for  each  mode. 

_  g 

As  in  Ref.  5,  for  convenience  we  neglect  the  Poisson  effect  (1  -  v  ) 
and  take  and  E  in  both  the  elastic  and  plastic  range  directly 

from  available  simple  tension  experiments  rather  than  from  circum¬ 
ferential  compression  tests  tinder  appropriate  axial  constraint. 
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The  equation  of  equilibrium  in  the  radial  direction 


a2  2N  2  N  .2 

Dy  w  +  N  — -  (w  +  w.  )  +  — —  (w  +  w.  )  +  ~  — -  (w  +  w.  ) 

X  .  2  1  a  SxdQ  l  2  -r.2  1 

ax  a  oh 


(5.11) 


N  .2 

6  .  b  w  * 

+  — *  i-  ph  — 5  -  p  =0 

a  at'5 


where  N  ,  N  ,  N  are  the  membrane  forces  with  the  sign  convention 
x  xb  9 

chosen  so  that  compression  is  considered  positive,  D  is  the  flexural 

2 

rigidity  of  the  shell  wall,  and  V  the  Laplacian  operator: 


12(1  -  v  ) 


^2  2  2 
Sx  a  S0 


(5.12) 


The  force  N  is  taken  as  the  sum  of  two  parts,  one 

9 

caused  by  the  uniform  radial  deformation  and  the  other  caused  by  flexural 
deformations;  thus 


(5.13) 


1  -  v 


where  F  is  a  stress  function  for  the  membrane  forces  produced  by 

flexural  deformations  and  w  is  the  uniform  radial  deformation.  The 

o 

membrane  forces  N  and  N  ..  are  assumed  to  be  independent  of  the  uni- 
x  x0  ...  • 

form  radial  motion,  and  for  the  flexural-  motion  are  given  in  the  usual 


manner  in  terms  of  F  : 


52F 

Nx@  adQBx 


(5.14) 


The  compatibility  condition  between  the  midsurface 


strains  then  requires  that 


_4  Eh  &2w 

7  F  =  T  ~2 

a  3xZ 


(5.15) 


! 


The  use  of  a  stress  function  in  the  manner  shown  satisfies  static  equi¬ 
librium  in  the  x  and  y  directions  but  neglects  the  small  in-plane 
inertia  forces. 


quantities 


and  express  u, 


It  is  convenient  to  introduce  the  nondimensional 


w  i 

u  =  —  ,  u  =  — 

a  1  a 


.  L  ct 

L  -  —  >  T  - 

a  a 


u^  and  p  in  the  series  forms 

00  ff 

u(5.9iT)  =  uo(t)  +  52  Un*T^  cos  sin  T2 
°  n=l  ^ 

CD 

u  (§,0)  =  52  6  cos  n0  sin  ^ 

1  n=l  a  * 


(5.16) 


(5.17) 

(5.18) 


A  P*(?,0,t)  = - — — Y  [po(T^  +  £Pn(T>  cos  ne  Sin  J^l(5.19) 

Representing  the  radial  deformation  by  Eq.  (5,17) 

£  assumes  simple  support  conditions  for  the  flexural  motion,  as  well  as 

restricting  the  deformation  to  a  half-wave  in  the  axial  direction.  The 
latter  assumption  is  based  on  experience  with  static  buckling  and  experi¬ 
mental  results  of  dynamic  buckling.  Although  the  assumption  of  simple 
supports  is  not  representative  of  the  actual  test  conditions  in  the 
present  program,  results  from  the  simple  support  theory  agree  reasonably 
well  with  the  experiments.  To  comply  with  the  assumed  form  of  the  dis¬ 
placement,  the  initial  shape  imperfections  and  pressure  perturbations 
are  also  taken  to  vary  sinusoidally  in  the  axial  direction,  as  given  in 
Eqs.  (5.18)  and  (5.19). 


from  which  it  can  be  concluded  that,  for  simple  supports,  F  is  of  the 
form 


F 


£  Vn  COS  "5  Sin  f1 

n=l 


(5.20) 


4 t 


where  a  are  constants, 
n 

Using  Eqs.  (5,13  -  5.19),  taking  F  in  the  form  of 
Eq.  (5.20),  and  dropping  all  second-order  terms  in  ,  the  equilibrium 

equation  (5.15)  can  be  separated  to  give 


and 


u+u=p  (5.21) 

o  o  o 


The  shell  is  taken  initially  at  rest  with  zero  displacement  as  in 
Eq.  (5.10). 


Equation  (5.21)  is  solved  analytically,  and  the 
resulting  expression  for  u^  is  substituted  into  Eq,  (5.22)  but,  as 
for  the  tangent  modulus  model,  the  resulting  equations  for  the  flexural 
modes  must  be  integrated  numerically,  since  no  analytical  solution  is 
apparent. 


For  a  static  pressure  the  derivatives  with  respect  to 

time  vanish  and  Eq.  (5.21)  gives  uq  =  pQ  .  Substituting  this  into 

Eq.  (5.22),  the  coefficient  of  u  vanishes  at  a  critical  pressure  for 

n 

each  mode  number  given  by 


(5.23) 


t; 


f 


) 
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The  smallest  of  these  critical  pressures  is  the  static  collapse  pressure 
which,  for  v  =  0.3,  is  given  approximately  by 

po  *  o-S2E  (i)(l)5/2  <5-24> 

This  is  the  result  presented  in  Ref.  6  and  is  valid  for 

~  **'  /  a  \  2 

100  <  Z  <  io[-j 

2  1/2  2 

in  which  Z  =  (1  -  v  )  L  /ah. 

5.4  Amplification  Functions  and  Critical  Curves  for  Buckling 


The  governing  equations  of  motion  for  both  the  tangent  modulus 
and  elastic  models  exhibit  the  same  general  features,  a  single  equation 
to  determine  the  motion  of  the  uniform  hoop  mode,  and  for  each  flexural 
mode  an  equation  that  contains  the  hoop  membrane  force  as  a  coefficient. 
The  equations  can  be  put  in  the  form 


..  n  2 

u  +  —  (1  -  v  )  =  p 
o  Eh  *o 


(5.25) 


and 


u  +  (uu 
n  n 


B  N.)u  =  p  +0  N  6 
pn  8  a  n  n  9  n 


(5.26) 


where  uo  are  the  (no-load)  bending  frequencies  and  0  are  constants. 

n  n 

The  major  feature  of  the  solutions  is  that  for  a  sufficiently 
large  value  of  N  the  coefficient  of  u  in  Eq.  (5.26)  becomes 
negative  over  a  range  of  n  and  the  solution  becomes  hyperbolic  in 
character  rather  than  oscillatory;  these  are  the  buckling  modes,  and 
the  hyperbolic  growth  can  lead  eventually  to  permanent  flexural  defor¬ 
mations.  The  general  problem  is  to  determine  the  pressure-impulse 
levels  that  cause  a  particular  flexural  mode  or  group  ■*  flexural  modes 
to  grow  to  magnitudes  sufficiently  large  to  exceed  a  specific  buckling 
criterion. 


4 
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To  demonstrate  the  type  of  growth  that  occurs  in  each  of  the 

load  regions  in  Fig.  5.3,  consider  an  example  of  a  shell  subjected  to 

triangular  pressure  pulses.  The  shell  is  made  of  6061-T6  aluminum  v.ith 

a/h  =  100  and  L/D  =  1.  The  general  procedure  was  to  integrate  the 

equations  of  motion  as  described,  which  yields  an  amolification  u  (t)/q 

*  n  n 

for  each  flexural  mode.  These  were  then  plotted  against  n  ,  giving  an 
amplification  function  for  each  combination  of  peak  pressure  and  impulse 
(load  point).  Example  curves  are  given  in  Fig.  5.5. 


For  impulsive  loads  high  amplification  does  not  occur  until  the 


hoop  strains  are  in  the  plastic  range,  giving  high  values  of  a  /E  • 
These  high  values  make  the  coefficient  of  u^  in  Eq.  (5.9)  negative  for 
a  wide  range  of  n  ,  and  most  negative  (at  each  instant)  for  n  = 

This  is  reflected  in  Fig.  5.5a  by  a  broad  amplification 
function,  extending  to  mode  numbers  as  high  as  n  =  150  arid  having  a 
maximum  at  n  =  95  .  Thus,  under  impulsive  loads  the  shell  has  a  strong 
tendency  to  buckle  into  a  high  order  pattern  and,  as  postulated,  shell 
length  has  little  effect.^ 


(o0/2a2Et)1/2. 


To  calculate  loads  at  a  threshold  of  buckling  it  has  been 
7 

shown  that  it  is  reasonable  to  assume  that  random  imperfections  are 
present  at  all  wavelengths.  Thus,  the  dominant  modes  of  buckling  are 
selected  by  the  amplification  function,  and  buckling  can  be  said  to  be 
eminent  when  the  peak  amplitude  reaches  a  critical  value.  In  this 
chapter,  buckling  thresholds  are  calculated  on  the  basis  of  an  amplifi¬ 
cation  of  1000.  Although  this  value  was  selected  rather  arbitrarily, 
it  will  be  shown  that  the  change  in  load  over  a  range  of  amplifications 
from  100  to  10,000  is  small  for  most  practical  applications. 


Only  perturbations  6  in  shape  are  treated  here.  In  Appendix  B  it  is 
demonstrated  that  these  are  likely  to  dominate  over  perturbations  in  - 
pressure. 

A  more  extensive  discussion  of  this  type  of  buckling  is  given  by 
Abrahamson  and  Goodier-1  under  the  simplifying  assumption  that  and 

E  are  constant. 


( 
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Using  this  criterion,  a  critical  curve  for  buckling  was  calcu¬ 
lated  in  the  impulsive  range  using  the  tangent  modulus  theory.  This 
is  the  upper  curve  in  Fig.  5.6.  The  curve  is  hyperbolic  in  shape, 
approaching  a  critical  impuise  for  high  pressures  and  a  critical  pressure 
for  large  impulses.  The  mode  number  of  maximum  amplification  increases 
with  peak  pressure  as  shown  by  the  numbers  on  the  curve.  Approximate 
formulas  for  such  curves  are  given  later 


I  -  !OpS 


FIG.  5.6  CRITICAL  CURVE  FOR  BUCKLING  OF  SHELL  IN  FIG.  5.5 


At  the  other  extreme,  under  a  quasi-static  load  having  a  low 
pressure  and  long  duration,  results  from  the  elastic  model,  given  in 
Fig.  5.5d,  show  that  very  large  amplification  is  confined  to  n  =  6, 
the  static  buckling  mode  for  this  shell.  As  the  duration  of  the  load 
is  increased  still  further,  the  minimum  peak  pressure  that  gives  large 
amplification  approaches  the  static  pressure  as  given  by  Eq.  (5,24) 
even  though  the  pressure  pulse  rises  instantaneously  to  its  peak  value. 


The  sudden  rise  causes  overshoot  and  oscillation  in  the  hoop  mode,  but 
any  energy  transferred  from  this  oscillation  to  the  buckling  mode  must 

be  made  through  a  series  of  many  oscillations  in  the  buckling  mode. 

8 

This  type  of  Mathieu  instability  cannot  cause  large  plastic  deforma¬ 
tions  of  the  type  observed  in  the  experiments  because  the  kinetic  energy 
in  the  membrane  oscillation  is  finite  and,  if  the  flexural  oscillations 
are  sufficiently  large  "to  cause  plastic  strains,  the  energy  would  be  ex¬ 
tracted  in  small  amounts  at  each  oscillation.  Instead,  the  dominant 

buckling  growth  is  caused  by  the  psuedo-static  component  u  =  p  (t)  of 

®  ®  9 

the  membrane  motion  about  which  the  hoop  mode  oscillates.  Experiments 
show  that  buckling  takes  place  with  little  or  no  oscillation  and  is  es¬ 
sentially  a  single  growth  to  large  deformations.  Because  of  the  obser¬ 
vations,  throughout  the  present  analysis  only  modes  exhibiting  hyperbolic 
type  growth  are  considered  to  be  significant  for  buckling. 

A  critical  curve  for  buckling  (amplification  =  1000)  under 
quasi-static  loads  was  calculated  using  the  elastic  model  and  appears 
as  the  lower  hyperboli.-shaped  curve  in  Fig.  5.7.  As  in  the  tangent 
modulus  curve,  the  mode  number  of  the  most  amplifide  mode  increases 
with  increasing  peak  pressure.  Pressures  greater  than  about  half  the 
static  yield  pressure  result  in  hoop  strains  beyond  the  elastic  limit, 
but  the  dotted  curve  is  extended  to  higher  pressures  assuming  that  the 
material  remains  elastic.  This  extension  meets  the  curve  f»-om  the  tan¬ 
gent  modulus  theory  in  a  cusp-like  intersection  and  there  is  a  sudden 
jump  in  the  mode  number  of  the  most  amplified  mode  in  going  from  the 
elastic  branch  to  the  tangent  modulus  branch.  Although  the  theory  is 
not  strictly  applicable  near  this  cusp,  application  of  the  strain- 
reversal  theory  shows  that  a  cusp  still  persists  and  that  there  is  a 
jump  in  mode  number. 

Amplification  functions  from  the  strain  reversal  theory  applied 
near  the  cusp  (as  shown  by  the  points  ir.  Fig,  5.6)  are  given  in  Figs. 
5.5b  and  c.  These  show  the  reason  for  the  jump  in  mode  number.  Because 
load  points  in  this  region  have  high  enough  peak  pressures  to  induce 
plastic  flow  in  the  hoop  mode,  end  also  have  durations  long  enough  to 
allow  growth  of  the  low  order  "elastic"  modes,  large  growth  takes 
place  in  both  high  and  low  order  modes.  Thus  two  maxima  appear  in  the 
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FIG.  5.7  CRITICAL  CURVES  FOR  BUCKLING  AMPLIFICATIONS 
OF  100,  1000,  Ah®  10,000  (Exponential  pulses, 
same  shell  as  Fig.  5.5) 

amplification  function  and  a  small  change  in  load  point  changes  the 
absolute  maximum  from  a  high  order  to  a  low  order  mode,  or  vice-versa. 
This  is  illustrated  by  the  large  shift  in  relative  amplification  in 
going  from  a  peak  pressure  of  360  psi  and  impulse  of  60  psi-msec 
(Fig.  5.5b)  to  a  slightly  smaller  peak  pressure  of  300  psi  and  larger 
impulse  of  70  psi-msec  (Fig.  5.5c).  The  amplifications  of  intermediate 
inodes  fluctuate  because  in  this  range  of  loads  buckling  takes  place 
during  a  few  oscillations  of  the  hoop  mode  and  small  changes  in  phase 
between  the  hoop  and  flexural  inodes  significantly  affect  the  amplifica¬ 
tion,  although  the  overall  growth  is  exponential  in  nature. 

Since  the  general  behavior  of  the  complete  critical  curve  for 
buckling  in  Fig.  5.6  is  adequately  described  by  using  only  the  simpler 
tangent  modulus  and  elastic  theories,  no  detailed  discussion  of  the 
strain  reversal  model  is  given  in  this  report.  Development  of  a  more 
complete  elastic-plastic  theory  is  still  in  progress. 
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To  examine  the  influence  of  the  magnitude  of  the  amplification 
buckling  criterion,  critical  curves  were  calculated  as  described  above 
for  amplifications  of  100,  1000,  and  10,000.  These  are  given  in 
Fig.  5.7,  which,  shows  that  over  most  of  the  load  range  the  curves  differ 
by  less  than  ±15%.  The  maximum  difference,  in  the  quasi -impulsive  range, 
is  a  factor  of  1.6  between  the  100  and  1000  amplification  curves.  Thus, 
although  buckling  from  pulse  loads  cannot  be  described  with  the  accuracy 
of  an  eigenvalue  problem  in  static  buckling,  the  hyperbolic  growth  makes 
exact  specifications  of  a  critical  amplification  of  secondary  importance. 

5.5  Effects  of  Parameter  Variations  on  Critical  Curves 


Before  giving  approximate  formulas  for  determining  critical 
buckling  curves,  the  numerical  integration  procedure  is  used  to  generate 
example  curves  which  demonstrate  the  effects  of  variations  in  pulse 
shape,  radius-to-thickness  ratio,  and  length-to-diameter  ratio. 

5.5.1  Pulse  Shape 

Figure  5.8  gives  a  comparison  between  critical  curves 
calculated  for  exponential  and  triangular  pulse  shapes.  The  maximum 
difference  between  the  curves  (measured  along  a  line  at  45°)  is  35%  and 
occurs  in  the  knee  of  each  branch.  This  difference  is  not  significant 
in  many  applications  and  we  can  conclude  that  changes  in  pulse  shape 
are  of  secondary  importance. 

5.5.2  Fadius-to-Thickness  Ratio 


•  ire  5.9  gives  critical  curves  for  L/D  =  1  with 
a/h  i;-iginr  ;;om  24  o  250;  each  curve  is  normalized  to  I  end  Pq 
ti-.j  tne  g.ven  a/h.  The  major  effect  of  increasing  a/h  is  an  upward 
ir^vemen'.  of  the  intersection  between  the  tangent  modulus  and  elastic 
branches,  ’•esulting  in  a  broader  range  of  quasi -impulsive  response  for 
the  thiJ'.er  (higher  a/h)  shells.  These  same  curves  are  repeated  in 
Fig.  5.10  without  the  normalization  to  show  the  broad  range  of  pressures 
and  impulses  involved. 
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FIG.  5.10  EFFECT  OF  a/h  ON  CRITICAL  CURVES  FOR  BUCKLING 
(Same  as  Fig.  5.9,  but  without  normalization  for  0  =  6  inches) 


5.5.3  Length-tc -Diameter  Ratio 

Variations  in  L/D  affect  only  the  elastic  branch,  as 
shown  in  Fig.  5.11.  Thus  the  main  effect  of  increasing  L/D  is  to  lower 
the  quasi-static  pressure  asymptote  Pq  ,  giving  a  broader  range  of 
quasi-impulsive  loads  as  for  thin  cylinders.  The  impulse  ’’asymptote" 
of  the  elastic  branch  does  not  change  significantly  because  the  mode 
numbers  in  this  region  are  sufficiently  high  that  end  effects  are 
secondary . 
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FIG.  5.11  EFFECT  OF  LA)  ON  CRITICAL  CURVES 
FOR  BUCKLING  (exponential  pulses, 
6061-T6  aluminum,  D  =  6  inches,  o/h  =  100) 


5.6  Approximate  Formulas  for  Critical  Curves 

The  general  form  of  the  critical  buckling  curves  in  the  pre¬ 
ceding  examples  is  given  in  Fig.  5.12  and  can  be  described  by  a  few 
approximate  formulas  based  on  the  results  of  the  numerical  integration. 
The  curves  consist  of  two  branches,  one  from  each  model,  each  of  which 
can  be  approximated  to  an  accuracy  of  about  20%  by  simple  hyperbolas  of 
the  form 


(5.27) 


where  P, 
A 


and 


are  the  asymptotic  values  of  the  hyperbola. 


For  the 
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FIG.  5.12  CHARACTERIZATION  OF  CRITICAL  CURVES 
FOR  BUCKLING 


tangent  modulus  branch  these  asymptotes  are  given  by 


r,  3  h 

p„,  =  -  a  - 

T  4  y  a 


T  /  96  \1/ 4  I  \l/2  /  h  \3/2 

iT=(r)  aK)  U) 


(5.28) 


(5.29) 


where  K  is  the  slope  beyond  yield  of  a  plot  of  o/Et  versus  com¬ 
pressive  hoop  strain  for  the  shell  material.^  For  the  elastic  branch, 
from  Eq.  (5.24)  and  observation  of  the  numerical  results,  the  asymp¬ 
totes  are  given  by 


(i)  (D5/2 

■E  =  SP“(S)2 


(5.30) 


(5.31) 


The  formula  for  P  is  an  empirical  observation  of  the  numerical  inte¬ 
gration:  a  derivation  of  I_  is  given  in  Appendix  C. 

r  T 

See  Appendix  A. 
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The  lines  at  45  degrees  in  the  log-log  plot  of  Fig.  5.12  define 
a  characteristic  time  I  /P  for  each  branch  which  can  be  compared 
directly,  for  example,  with  the  characteristic  time  T  =  I/P  for  an 
exponential  pulse.  From  Eqs.  (5.28)  and  (5.29),  the  characteristic  time 
for  the  tangent  modulus  branch  is 


=  /96\l/4  P  "1/2  I  h\1/2 
TT  \K  '  3c  5y  \  a  1 


(5.32) 


However,  in  the  numerical  examples  it  was  found  that  variations  in  K 
moved  the  horizontal  pressure  asymptote  slightly  from  the  value  given  in 
Eq.  (5.28)  in  such  a  way  as  to  compensate  for  the  small  variation  of 
with  K  given  in  Eq.  (5.32).  Thus,  a  better  expression  of  T^  with 
in  the  range  10  <  K  <  60,  typical  of  many  engineering  metals,  is  simply 

T  =2*e-l'*(h)l/2  ,5.33, 

T  c  y  \  a  ' 

Similarly,  from  Eqs.  (5.30)  and  (5.31),  the  characteristic  time  for  the 
elastic  branch  i9 


te  =5-5t(ff)1/2  <5-34) 

From  Fig.  5.12  we  see  that  if  the  time  constant  T  of  the 
applied  pulse  is  much  shorter  than  ,  the  load  appears  impulsive  to 

the  shell,  and  if  T  is  much  larger  than  T£  ,  the  load  appears  quasi¬ 
static.  Loads  with  durations  near  or  between  T_  and  T  are  quasi- 

T  E 

impulsive,  and  both  pressure  and  impulse  are  important  to  the  response. 
As  shells  become  longer  and  thinner,  T  and  T  become  more  widely 
separated  (see  Figs.  5.9  -  5.11)  and  the  range  of  quasi -impulsive  loads 
increases.  Conversely,  for  short,  thick  shells,  the  tangent  modulus 
and  elastic  curves  move  closer  together  and  only  a  small  range  is  quasi- 
impulsive. 


H  M 


5.7 


Buckling  from  Asymmetric  Loads 


( 


c 


In  all  the  experiments  in  the  present  investigation,  and  in 

many  practical  applications,  the  load  is  applied  by  a  blast  wave  passing 

laterally  across  the  shell.  For  moderately  short  duration  blast  waves 

(in  the  quasi-impulsi ve  and  somewhat  into  the  quasi-static  range  in 

Fig.  5.3),  the  load  is  dominated  by  the  diffraction  phase  and  can  be 
9 

approximated  by 


p( 0, t ) 


(p  -  p. )  cos  Q  + 
r  i 


5 


(5.35) 


Pi 


I  *  e 


where  p  and  p  are  reflected  and  incident  pressures,  both  assumed 

r  * 
to  have  the  same  exponential  decay  with  time. 

A  rigorous  treatment  of  shell  buckling  under  asymmetric  loads 
would  be  very  difficult,  particularly  since  both  elastic  and  plastic- 
flow  buckling  must  be  considered,  as  we  have  seen  for  symmetric  loads. 
However,  experiments  show  that  critical  pressure-impulse  curves  from  the 
symmetric  load  theory  give  reasonable  estimates  for  buckling  under 
smoothly  varying  asymmetric  loads  such  as  in  Eq.  (5,35),  taking  pressure 
and  impulse  at  the  peak  load.  This  is  demonstrated  for  impulsive  plastic- 
flow  buckling  in  Fig.  5.13,  which  shows  two  shells,  one  buckled  from  a 
cosine  impulse  over  one  side  and  the  other  buckled  from  a  uniform  impulse 
of  the  same  peak  intensity.  Both  exhibit  the  same  plastic  deformation 
and  buckling  in  the  area  of  the  peak  load.  Similar  examples  are  given 
in  Ref.  9  for  shells  subjected  to  quasi-static  loads. 


* 

The  small  transit  time  of  the  shock  across  the  cylinder  is  neglected, 
and  the  pressure  on  the  back  surface  (away  from  the  oncoming  blast) 
rises  slowly  instead  of  sharply  as  does  the  front  surface  pressure  in 
Fig.  5.2.  Neither  effect  has  a  serious  influence  on  the  shell  buckling, 
however,  because  the  buckling  is  dominated  by  the  front  surface  pres¬ 
sure. 


J 
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FIG.  5.13  PLASTIC -FLOW  BUCKLING  FROM 

ASYMMETRIC  (left)  AND  SYMMETRIC 
(right)  IMPULSIVE  LOADS  (6061 -T6 
aluminum,  D  =  3  inches,  L/D  =  1,  a/h  =  24, 
peak  impulse  150  psi-msec  for  both  shells) 


The  type  of  response  likely  to  differ  most  widely  under  sym¬ 
metric  and  asymmetric  loads  is  elastic  buckling  from  impulsive  loads,  > 

2  10 

which  occurs  in  very  thin  shells.  Payton's  membrane  solution  for  a 
cosine  impulse  over  one  side  shows  that  the  peak  membrane  stress 

(occurring  under  the  peak  impulse  I)  is  about  70 %  of  that  in  a  shell  ’ 

under  a  uniform  impulse  I,  and  the  duration  of  the  first  positive  swing 
(during  which  buckling  takes  place)  is  also  about  70%  of  the  half  period 
of  the  symmetric  (hoop)  mode.  Thus,  since  the  buckling  is  in  very  high 
order  modes  and  grows  in  proportion  to  the  product  of  the  peak  stress 
and  duration  (see  Ref.  7),  buckling  under  an  asymmetric  load  requires  a 
peak  impulse  about  twice  the  impulse  under  a  symmetric  load.  In  moder¬ 
ately  thick  shells  (a/h  <  100),  however,  buckling  takes  place  during 
plastic  flew  and  the  results  in  Fig.  5.13  suggest  that  for  these  shells 
asymmetric  and  symmetric  buckling  impulses  will  differ  by  less  than  the 
factor  of  2  estimated  above  the  impulsive  elastic  buckling. 

Under  quasi-static  (long)  loads,  asymmetric  and  symmetric 
buckling  loads  are  quite  close  because  the  buckling  is  dominated  by  the 

) 

L 
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psuedo-static  membrane  stress,  which  is  proportional  to  peak  pressure. 
Thus,  the  essential  requirement  for  similarity  in  peak  buckling  load  is 
only  that  the  pressure  does  not  vary  significantly  over  a  buckle  wave¬ 
length.  This  is  true  for  the  smoothly  varying  pressures  and  relatively 
high  order  buckling  modes  here.  To  a  better  approximation,  Almroth's  1 
results  for  static  asymmetric  buckling  show  that  an  average  pressure 
over  a  buckle  wavelength  could  be  used. 


Comparison  of  Theory  and  Experiment 


Extensive  experiments  were  run  on  aluminum  and  magnesium  shells 

with  L/D  =  1  and  radius-to-thickness  ratios  from  24  to  250.  These  are 

described  in  detail  in  Ref.  9  and  only  a  few  results  are  given  here  for 

demonstration.  The  shells  were  made  from  extruded  tubing  or  rolled 

sheet  stock  and  were  clamped  rigidly  at  each  end  to  heavy  plugs.  They 

were  subjected  to  lateral  blast  loads  from  explosive  spheres  and  from 

an  explosive  shock  tube.  Pulse  shapes  and  pressure  distributions  from 

these  loads  were  measured  on  rigid  models.  The  measured  pulses  were 

very  nearly  exponential  in  shape  as  shown  in  Fig.  5.2b,  and  peak  pressure 

2 

varied  around  the  shell  approximately  as  the  cos  0  distribution  given  in 
Eq.  (5.35). 


Figure  5.14  gives  theoretical  and  experimental  buckling  curves 
for  shells  with  a/h  =  100  and  a/b  =  61.  The  lower  experimental  curves 
give  the  maximum  loads  at  which  no  permanent  deformation  of  any  type 
was  observed,  and  the  upper  experimental  curves  give  loads  at  which  the 
peak  permanent  buckling  deformation  was  about  10%  of  the  shell  radius. 

It  was  a  general  observation  that  for  quasi -static  loads  the  two  experi¬ 
mental  curves  approached  each  other  very  closely;  the  shells  were  either 
undamaged  or  severely  buckled  with  deformations  as  large  as  50%  of  the 
radius.  The  impulsive  end  of  the  no-damage  and  10%-buckling  curves 
differed  by  as  much  as  a  factor  of  2.  Increases  in  load  of  about  50% 
above  the  buckling  curves  generally  resulted  in  very  severe  buckling  and 
tearing. 


I  —  top* 

103  to4 


I  —  psi-miec 


OI-M2I-ST1 


FIG.  5.14  COMPARISON  OF  THEORETICAL  AND 

EXPERIMENTAL  CRITICAL  CURVES  (exponentiol 
pulses,  6061~T6  aluminum,  D  »  6  inches,  L/O  =  1 ) 


238 


The  theoretical  buckling  curves  in  Fig.  5.14  lie  within  about 
30%  of  the  experimental  buckling  curves  over  the  entire  range  of 
pressure  and  impulse.  There  was  a  hint  of  a  cusp-like  shape  in  the 
experimental  curves,  but  the  curves  are  drawn  with  a  smooth  hyperbolic 
shape  because  very  extensive  experiments  would  be  required  to  justify 
an  inflection.  Mode  numbers  of  buckling  on  the  elastic  model  branch 
agreed  well  with  observed  buckling  in  this  load  range.  Mode  numbers 
on  the  tangent  modulus  branch  were  sometimes  as  large  as  twice  the 
experimental  values,  partly  because  of  poor  material  property  data  and 
partly  because  strain  reversal  was  neglected;  the  strain  reversal  model 
gave  mode  numbers  in  closer  agreement  with  experiment.  These  favorable 
comparisons  between  theory  and  experiment  demonstrate  that  the  assump¬ 
tions  made  in  the  analysis  are  reasonable  and  the  theory  will  be  useful 
in  predicting  pulse  buckling  of  cylindrical  shells. 
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APPENDIX  A 


MATERIAL  PROPERTIES  USED  IN  THE  CALCULATIONS 


In  the  tangent  modulus  model  the  numerical  calculations  were 
made  using  stress-strain  data  taken  from  tension  tests  on  longitudinal 
samples  cut  from  the  shell  materials.  The  most  important  material 
properties  are  Young's  modulus,  yield  stress,  and  the  variation  of  a/ 
with  strain.  Figure  A.l  gives  plots  of  o/Et  for  several  metals  and 


FIG.  A.l  MATERIAL  TANGENT  MODULUS  PROPERTIES 

(from  longitudinal  isnsile  specimens) 
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shows  that  for  many  of  them  0/E^  increases  approximately  linearly  with 
strain  beyond  yield.  Therefore,  to  the  accuracy  of  the  stress-strain 
data,  the  calculations  were  made  using  the  formula 


0/ Et  ^  'j/E  =  i 


(A  1) 


n/E,  =  K(r  -  r.  >+e 

t  y  y 


s  >  e 


where  K  is  the  slope  taken  from  Fig.  A,1  .  Values  of  K  and  other 
pertinent  properties  are  given  in  Table  A.l  for  the  three  metals  used. 


Table  A.l 


MATERIAL  PROPERTIES 
(Tensile  Test  Data) 


Material 

E 

(psi) 

a 

y 

(psi) 

VE 

■ 

K 

(j 

(lh/in3) 

6061-T6  Al. 

10  x  1C® 

45,000 

0.006 

0.3 

30 

0.098 

2024-T8  Al. 

11  x  10 

56,000 

0.033 

0.3 

35 

0.100 

AZ31B  Mag. 

C  x  10 

24,000 

0.05 

0.3 

10 

0.064 

APPENDIX  R 


RELATIVE  IMPORTANCE  OF  SHELL  AND  LOAD  PERTURBATIONS 


To  examine  the  relative  Importance  of  shell  and  lo'd  perturbations 

in  triggering  buckling,  we  consider  buckling  under  an  ideal  impulse  1 

and  obtain  analytic  results  using  the  simplified  equations  studied  by 

1% 

Abranamson  and  Goodier.  For  cr  ideal  impulse  the  pressure  term  in 
Eq.  (5.9)  is  dropped  and  the  initial  conditions  in  Eq.  (5.10)  are  re¬ 
placed  with 


3  i 

u  (0)  =  o  ,  u  to)  =  -5-2. 

n  n  pch 


(B.l) 


where  3nIQ  is  the  psrturbation  of  I  in  the  mode.  Treating 
0^.  and  as  constants,  as  in  Ref.  1,  the  solution  to  Eq.  (5.9)  with 

initial  conditions  (B.l)  is 


s26 


8  1 


Un  "  2 


n  f  n  o  .  . 

-  1J  +  1  sinh  q  t  n  <  s 


s  -  n 


tcosh  a  t  -  1J  + 
tL  n 


pch  q 


(B.2  ) 


where 


and  q/  =  (n2  -  DCs2  -  n2) 

a  Et  (B , 3 ) 


For  large  q  t  the  maximum  di splacement  due  to  either  shell  imoer- 
n 

fectjons  0  or  load  imperfections  8  occurs  approximately  at  the 
n  n 

maximum  value  of  q  ,  given  by 
n 


(B.4) 


Do  simple  solutions  are  apparent  for  quasi -impulsive  loads  and,  for 
quasi-static  loads  , the  effect  of  imperfection  amplitudes  is  unimportant 
in  the  present  problem  (see  Fig.  £.7). 


and  n  in  the  integer  n  est  s / /"21  .  Using  Eqs.  (B.l  -  B.4)  and 
n  s/  >J  2  >  >  1  ,  the  itio  can  be  formed  between  the  maximum  displace¬ 

ment  due  to  shell  impel  ictions  and  that  due  to  load  imperfections, 
resulting  in 


“shell 

“load 


6 

n 


aV  ( cE  > 
o  t 


1/2 


cosh  Qt  -  1 
sinh  Qt 


(B.5) 


where  V  =  I  / oh  is  the  initial  inward  velocity  of  the  shell  wall. 
00 

Finally,  we  recall  from  the  definition  of  6^  in  Eqs.  (5.2)  and  (5.5) 

that  the  shell  imperfections  in  dimensional  units  are  w  =  a6  .  Since 

in  n 

inpulse  buckling  is  at  very  short  wavelengths,  it  is  more  reasonable  to 
take  the  imperfections  proportional  to  the  wall  thickness  h  .  Denoting 
shell  imperfections  by  wn  =  anc*  observing  that  for  large  growth 

cosh  Qt  -  i  ss  sinh  Qt  ,  Eq.  (B.5)  becomes 


“shell  _  2n  ^CT9 

“load  Sn  V  (pE  )1/2 
o  r  t 


(B.6) 


Equation  (B.6)  can  be  interpreted  directly  in  terms  of  the  circum¬ 
ferential  stress-strain  curve  for  the  shell  material  as  shown  in  Fig.  B.l 
The  initial  kinetic  energy  of  the  shell  wall  is  equated  to  the  plastic 
work  in  membrane  strain,  neglecting  the  elastic  and  strain  hardening 
contributions,  giving 


1 

2 


a  s 

y  max 


(B.  7) 


where  a.  is  the  increment  in  stress  due  to  strain  hardening  as  shown 
h 

in  Fig.  B.l.  Using  Eq.  (B.7)  in  Eq.  (B.6)  with  a g  =  O f  as  already 

assumed,  we  obtain 


“shell 

“load 


(B.8) 
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The  strain-hardening  increment  a  is  much  smaller  than  the  yield 

h 

stress  for  many  engineering  materials;  thus  Eq.  (B.8)  shows  that  for 
these  materials  shell  imperfections  are  likely  to  dominate  over  load 
imperfections  if  we  can  assume  that  shell  imperfections  in  terms  of  per¬ 
cent  wall  thickness  are  comparable  to  percent  imperfections  in  lead. 

For  example,  a  6061-T6  aluminum  shell  with  a/h  =  50  buckles  at  about 

1.5%  strain  with  E^  sa  100,000  psi,  giving  <t  =  1500  psi .  Using  this 
1  h  1/2 

in  Eq.  (B.8)  with  a  ss  50,000  psi  gives  (6c  /a.)  -  14,  Thus,  if 

y  y  h 

we  assume  shell  imperfections  of  1%  of  the  wall  thickness  (a  reasonable 

7 

value,  from  observations  of  bar  buckling  ),  the  impulse  imperfection 
would  have  to  be  14%  of  the  peak  impulse  in  order  to  give  comparable 
buckling  displacements.  Such  large  load  imperfections  are  very  unlikely. 


FIG.  B.l  STRESS-STRAIN  CURVE 
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CRITICAL  IMPULSE  FOR  PLASTIC-FLOW  BUCKLING 


I 


( 


The  simplified  solution  in  Appendix  B  is  also  used  to  give  the 

approximate  formula  (5.28)  for  impulsive  buckling.  The  magnitude  of 

u  in  Eq  (B.2)  depends  mainly  on  the  argument  Qt  of  the  hyperbolic 
n 

term,  since  we  are  concerned  with  large  amplifications  in  which  exponen¬ 
tial  growth  dominates.  Thus,  it  is  reasonable  to  assume  that  the  buck¬ 
ling  criterion  of  an  amplification  of  1000  corresponds  closely  to  Qt 
reaching  a  critical  value,  i.e., 


QTs  =  B 


(C.l) 


where  B  is  a  constant  to  be  determined  and  to  is  the  nondimensional 
duration  of  the  inward  membrane  plastic  flow.  In  real  time,  this  dura¬ 
tion  is  given  by 


1  a 


(C.2) 


in  which  the  material  has  been  assumed  to  be  rigid-plastic.  Using  the 
definition  t  =  ct/a  and  combining  Eqs.  (B.4),  (C.l),  and  (C.2), 
results  in  the  following  expression  for  the  critical  impulse  Iq: 


I  = 
o 


(C.3) 


For  a  material  in  which  Et  is  nearly  constant  Eq.  (C.3)  suffices. 

However,  for  most  materials  E  decreases  significantly  with  increasing 

strain  as  discussed  in  Appendix  A.  In  the  numerical  integration  this 

increase  was  described  by  Eq.  (A.l),  treating  c/E^  as  a  function  of 

£  and  hence  of  time  t  .  Since  most  of  the  amplification  of  uq  takes 

place  near  the  end  of  the  hoop  motion  (because  a/E  is  increasing)  a 

reasonable  approximation  to  the  flexural  motion  can  be  found  by  asstuning 

n/E  to  be  constant  at  its  final  value.  With  this  assumption,  o/E 
t  1 


i 
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from  Eq.  (A.l)  can  be  used  in  Eq.  (C.3)  to  find  I  .  To  eliminate  z 

o 

from  the  final  expression  for  Iq,  the  relation  between  and  final 

°train  e  must  also  be  found.  This  is  most  easily  done  by  equating 
s 

the  kinetic  energy  imparted  by  I  to  the  strain  energy  absorbed  in 
plastic  work,  which  gives 


I2  =  2j)h2  J*  a(e)de 

o 


(C.4) 


Taking  the  material  to  be  elastic,  perfectly  plastic  gives 


2  2  / 

Io  =  2ph  ay  es 


(C.  5) 


To  simplify  the  final  expression  for  Iq  we  further  assume  that  the 

final  strain  e  is  large  enough  that  we  can  take  e  -  e/2s»e  -  e. 

s  s  y  s  y 

With  this  approximation,  Eqs.  (A.l),  (C.3),  and  (C.5)  yield  the  desired 
expression  for  critical  impulse: 


T  12  \l/4  cl/2  /  „  \ 1/2  /  h  \3/2 

Jo  =  (lie)  B  a(p0y)  (a) 


(C.6> 


The  results  of  the  numerical  integration  are  matched  by  taking  B  =  12 
which  yields  Eq.  (5.32).  Impulses  from  this  formula  ag  ee  with  the 
numerical  integration  within  5%  for  the  materials  in  Tab  e  A.l  and 
20  <  a/b  <  20 0. 
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